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Part I 13.4.2011

Exercise 1
Let Ω and Ω̃ be arbitrary sets and let X : Ω̃ → Ω be any function.
Show that if F is a σ-algebra on Ω then F̃ = {X−1(A) : A ∈ F} is a
σ-algebra on Ω̃.

Exercise 2
a Show that if X is constant function, then it is a random variable with
respect to any σ-algebra.
b Let Ω = {1, 2, 3, 4} and F = {∅,Ω, {1}, {2, 3, 4}}. Is X(ω) = 1 + ω
a random variable with respect to the σ-algebra F? If not give an
example of a non-costant function which is.

Exercise 3
a Show that if A, B, and C are pairwise independent events and
P (B ∩C) 6= 0, then the following conditions are equivalent (i) P (A) =
P (A |B ∩ C); (ii) P (A ∩B ∩ C) = P (A)P (B)P (C).
b A fair die is rolled twice. What is the conditional expectation of the
sum of outcomes given the first roll shows 1?

Exercise 4
Find the characteristic function φX(t) of a random variable X with
uniform distribution over the interval [−1, 1]. Shetch the graph of this
characteristic function. Calculate E(X3) (facultative).

Exercise 5
a Give the definition of a 3 dimensional Brownian motion.
b Let Wt and Ŵt be two independent Brownian motions and define
Xt = aWt + b

c
Ŵc2t. Find a, b, c ∈ R and c 6= 0, such that Xt is a

Brownian motion.

Exercise 6
Let Wt be a Wiener process. Calculate
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