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Hybrid Control of Induction Motors via
Sampled Closed Representations

Bernardino Castillo-Toledo, Stefano Di Gennaro, Alexander G. Loukianov, and Jorge Rivera

Abstract—In this paper, a controller for induction motors is
proposed. A continuous feedback is first applied to obtain a
discrete-time model in closed form. Then, on the basis of these
exact sampled dynamics, a discrete-time controller ensuring speed
and flux modulus reference tracking is determined, making use
of the sliding mode technique. The resulting controller is hence
hybrid, in the sense that it contains both continuous and discrete-
time terms. It is shown how to implement such a hybrid controller
using the so-called exponential holder, which is the only device to
be implemented analogically, together with an analog integrator.
Moreover, a discrete-time reduced-order observer is designed for
rotor fluxes and load torque estimation. The performance of the
proposed controller is finally studied by simulation and experi-
mental tests.

Index Terms—Exponential holder, induction motors (IMs),
sampled closed form, sliding mode control.

I. INTRODUCTION

NDUCTION motors (IMs), due to the characteristics of

their nonlinear dynamics, constitute an interesting test bed
for the synthesis of advanced control laws. Moreover, IMs are
widely used in industrial applications. Some of the reasons of
their success are their simple mechanical construction, their
low maintenance requirements, and the lower cost compared
to other devices, such as dc or stepper motors. Starting from
the pioneering work of [6], field-oriented control has become
a classical technique for IM control, which involves nonlinear
state transformation and feedback for the asymptotic decou-
pling of the rotor velocity and flux modulus [12]. More recently,
various nonlinear control design approaches have been consid-
ered to improve the performance. Active research areas include
input—output feedback linearization [27], passivity [19], [44],
adaptive backstepping [25], [42], and sliding modes [11], [24],
[39], [40], [43], [45], [48], among others.

Manuscript received July 23, 2007; revised June 23, 2008. First pub-
lished July 9, 2008; current version published October 1, 2008. This work
was supported in part by the Consiglio Nazionale delle Ricerche (Italy), by
the Ministero degli Affari Esteri (Italy), and by the Consejo Nacional de
Ciencia y Tecnologia (México) under Project 46538. This paper was presented
in part at the 2004 American Control Conference, Boston, MA, USA.

B. Castillo-Toledo and A. G. Loukianov are with the Research and Ad-
vanced Studies Center of the National Polytechnic Institute, 45010 Gaudalajara,
Jalisco, México (e-mail: toledo@gdl.cinvestav.mx; louk @ gdl.cinvestav.mx).

S. Di Gennaro is with the Department of Electrical and Information
Engineering and Center of Excellence DEWS, University of L’ Aquila, 67040
L’Aquila, Italy (e-mail: digennar @ing.univaq.it).

J. Rivera is with the Centro Universitario de Ciencias Exactas e Ingenierias,
Departamento de Electrénica, Universidad de Guadalajara, 44430, Guadalajara,
Jalisco, México (e-mail: jorge.rivera@cucei.udg.mx).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIE.2008.928117

The implementation of control laws designed for these de-
vices is nowadays generally made in discrete time. In fact,
the recent advancements in digital microprocessor technology
have rendered cheaper, simpler, and more flexible the discrete-
time implementation of controllers designed using continuous
time techniques. The main problem here is the degradation of
the expected performance, due to the fact that the design of the
control law is not made using the sampled dynamics of the
system. It is worth noting that the determination of an appro-
priate sampling period and the evaluation of its influence on
the continuous controller performance are important issues, and
presently, a well-recognized methodology to deal with these
aspects has not been established yet.

This problem has motivated in the last decades the work
of various researchers, with the aim of improving the control
performance by designing the controller directly on the basis
of the digital model (see [37], [38], and the references therein).
Once the digital model has been obtained, various important
issues regarding the controller performance can be faced, such
as parameter variations, observer design, determination of the
sampling period, modeling of the actuator’s dynamics, etc.
Clearly, the quality of the solutions given in this way depend on
the accuracy of the digital model. In this regard, unfortunately,
the problem of sampling continuous time systems is not trivial.
In fact, in general, a sampled closed representation of the
sampled dynamics does not exist; whereas for linear systems,
a sampled model in closed form can be easily obtained [4], for
nonlinear systems in general, the sampled data representations
are given in the form of infinite series [28], [29], [33], [34], [37].
Hence, in practice, one uses truncated models of desired ap-
proximation [13], [18]. This difficulty motivates the following
possible solutions:

1) the design of the control law in the continuous time
setting and its implementation by means of zero-order
holder;

2) the use of much simpler discretization methods, such as
those due to Euler (backward or forward), Tustin, etc.,
and the design of the control law in the digital setting.

The first solution has the drawback of possible poor perfor-
mance of the resulting sampled controller. In order to recover
this performance, a multirate control approach can be pursued,
see [31] and its application to synchronous motors [35], [36] or
to rigid spacecraft [15]. The second solution [13] has the disad-
vantage that the accuracy of the resulting approximate discrete-
time system decreases as the sampling period increases.

An alternative to these approaches is presented in [16]
and [32], where an original hybrid control methodology is
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presented. First, a continuous control puts the system in a
finite discretizable form, and then, a discrete control satisfies
the control objectives. An advantage of obtaining an exact
discrete-time model is that the sampling period to be used in
the implementation of the control law can be high, at least
theoretically. Other aspects, such as actuators, data acquisition,
intersampling behavior, etc., limit in practice its value. Clearly,
this methodology can be applied, provided that the continuous
control can be applied by means of analog devices. In this
sense, the resulting controller is hybrid, because it applies a
continuous control plus a digital one. It is evident that this is
the critical point of this methodology. In fact, if the control
can be applied only in discrete time, the continuous control
has to be sampled, so that, eventually, the system is not in a
closed form.

Following this idea, in this paper, we will show how to
implement for IMs a continuous control which puts the system
in a form so that a sampled closed representation does exist. We
will show that, in this continuous control, the sampled values
of the variables, necessary to implement the control, appear
along with an exponential term, usually called exponential
holder. The latter is the only item to be implemented via an
analog device, easily realizable, together with an analog inte-
grator. In a certain sense, the exponential holder and the analog
integrator represent the “minimum requisites” that have to be
implemented analogically. Once the sampled data representa-
tion in closed form of the IM dynamics has been obtained, we
design a digital controller necessary to impose the control spec-
ifications, i.e., for rotor angular velocity and rotor flux square
modulus tracking. A discrete-time reduced-order observer is
then designed to avoid the measurement of load torque and rotor
flux, the latter achievable by Hall sensors, quite imprecise and
expensive to place within the motor.

Hence, analogously to the case of finite discretizability [16],
[32], we need to determine first a continuous feedback in order
to obtain a closed representation of the sampled dynamics. It
will be shown that, in our case, such a closed form can be
obtained by means of a simple control. The resulting system
is then characterized by the dynamics of fluxes and currents
which are linear in appropriate coordinates. Using the solutions
of these dynamics, the derivation of the discrete-time equations
for rotor angular position and velocity is then possible.

This paper is organized as follows. In Section II, the contin-
uous time IM model is briefly reviewed and the exact sampled
dynamics of the IM are derived. In Section III, a discrete-time
sliding mode control for rotor angular velocity and rotor flux
square modulus tracking is designed. To remove the hypothesis
of rotor flux and load torque measurements, a reduced discrete-
time observer is proposed in Section IV. Moreover, the practical
implementation of the proposed controller by means of an
exponential holder are discussed. Section V presents some
simulation and experimental results. Final comments conclude
this paper.

II. SAMPLED DYNAMICS OF IMs

In the following, a sampled version of the dynamics of an
IM will be determined. Under the assumptions of equal mutual
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inductance and linear magnetic circuit, the IM model in the
stator reference frame (a, b) is given by [27]

br = — ap, + pwS¢, + aL, I

. 1
I :aﬁ(br - pﬁwgfbr — Il + fu

W =pITS¢, — }T
6=w (1)

where 0 and w are the rotor angular position and velocity,
respectively, T is a bounded load torque, J is the rotor moment
of inertia

o ¢r,a o is,a o Uq
o= (o) 2= () =)

are the rotor flux vector, the stator current vector, and the control
input voltage vector, respectively, and

R, L 1 (L7,
"SI =i =g (GRer)
L? 3 pLy, 0 -1
LU:LS_ = == S = .
L. "“2iL, ° (1 0

Here, L,, L., and L,, are the stator, rotor, and mutual in-
ductances, respectively, Rs and R, are the stator and rotor
resistances, and p is the number of pole pairs. It is worth noting
that S represents the anticlockwise rotation operator of 7 /2.

The following assumption, acceptable when 1" varies slowly
with respect to the electrical dynamics [45], will be instrumen-
tal for deriving the sampled model of the motor dynamics.

(Hy) : The load torque T can be approximated by a signal
C which is piecewise constant over the sampling

period 4. o

In order to obtain sampled dynamics of the system dynamics
(1) in closed form, in the spirit of [16] and [32], let us consider
first the following feedback:

u=up(t) + e, up =pLowS(L + f¢r) ()

with u as the continuous control which makes the system finite
discretizable.

Remark 1: Note that uy in (2) and the term P> must be
implemented by analog devices, whereas the new control v, =
v(k6) = (var vbx )T, designed on the basis of the discrete-
time representation of the system derived in the following,
can be implemented by a digital computer and a zero-order
holder. In Section IV, it will be explained how to determine u s
from the sampled measurements and using analog devices given
by an integrator and a so-called exponential holder [8], [9].
The resulting controller will be hybrid, namely it will contain
discrete and continuous time terms.

With the continuous feedback (2) and under (H,), the fol-
lowing controlled dynamics are obtained:

(ﬁr = — a¢, + pwSSP, + aly I
. 1 a
I, =afBo, — vIs + pwSIs + L—epgdvk

1 o
W =pITSp, — jc
0 =w. (3)
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As common in the IM’s literature [27], we consider hereinafter
a change of coordinates in an appropriate rotating frame [23].
In particular, we consider a transformation which puts in light
that the flux and current dynamics are linear, with the current
dynamics linear, thanks to the feedback (2). Hence, we consider
the globally defined change of coordinates

¢ e P8¢,
—pbS N .
I _|e I ’ oIS _ _cqs pf  sinpb @)
w w sinpf cosph
0

with e P% as an orthogonal matrix. The transformed variables
® and I in (4) are the rotor flux and the stator current rotated ac-
cording to the electrical rotor angular position p, respectively.
Obviously, (4) preserves the vector norms. Note also that the
complex notation e ~7P?(V, + jV}) could be equivalently used
for the terms e P?SV, V = ¢,., and I, in (4).

In the new variables [(4)] and with the input vy, the dynamics
[(3)] are expressed as follows:

b= —ad+al,,l
. 1
I=afd —~I+ ka

1
o =ulT3® — =C
uf nl= < 7
0=w ®))

because de P°/dt = —pwIe P and e PG = Fe PO,
Note that the equations in (5) are nonlinear, but the sampled
closed form is now easily obtained noting that the dynamics
for ® and [ are linear, and the control v will be designed to
be constant over the sampling period . Denoting ®;, = ®(k0),
I, = I(k0), wi = w(kd), and Cy, = C(kJ) and considering as
outputs to be controlled the rotor angular velocity and the rotor
flux square modulus, some calculations given in Appendix I
yield the closed representation for the sampled dynamics of
system (5)

@1 = a1 Prt+aiodi+bivk
I11 = a21 P +aso i +bovy

C
wit1 =wp ISP+ (@ +1315) T Svp — 7k5

where a1, a12, a1, A22, b1, bg, Mis and KRi, 7= 1,2,3, are
constants. Note that the matrix

Ay = <a11H2><2

a2l ) _ 4 g1, Q)
a1y

az2llax2

with [s.o as the identity matrix 2 x 2, and ®, the Kronecker
product, is Schur because A is Schur for every choice of the
sampling period J (see Appendix I).

The control problem is to force the rotor angular velocity
wy, and the rotor flux modulus CIJECD;C to track some desired
references w;. j, and ®,. , ensuring at the same time disturbance
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rejection. We assume that these references are bounded with
bounded increments, where

|Awr,k‘ = |wr,k+1 - wr,k‘ < AWr,max

|A(I)k:‘ = |q)r,k+1 - (I)r,k| < A(I)maux~

Moreover, also the load torque C} is bounded by a value
Cmax. Furthermore, we assume that ('} has bounded incre-
ments. Finally, we need to ensure that this increment vanishes
when ¢ is zero. This can be formalized with the following
assumption.

(Hz): The piecewise load torque Cf is such that Cyy 1 =
Cr + AC(k, 0) with, for each integer k

|AC(E,8)] < ACmaxA(5),  lmA(S) =0. o

6—0

The control problem will be solved in the next section by
means of a discrete-time sliding mode control.

Remark 2: As last observation, it is interesting to compare
uy in (2) with the well-known field-oriented control (FOC)
[12]. The FOC can be determined considering the (d, ¢) model

(br,dq = - a¢r,dq +pwg¢r,dq + aLmIs,dq - éog(br,dq

_ <_a¢7‘,d + aLij,d)
B 0

1 .
Is,dq = O‘B‘ér,dq - pﬂwc\\yﬁbr,dq - 'Yls,dq + ?udq - GOSIs,dq
o
Oéﬂ(lsr,d - ’Yis.,d + 6.Oiﬁ,q + iud )

= . . ) 1
<_p6w¢r,d — Vls,q — €0%s,d + fduq

. 1 ) 1
w = /’L‘[;Zjdqsqsr,dq - jT = N¢r,dls,q - jT

0 =w ®)

obtained from (1) considering

i57d —€o T,d —€e0
qu:<7: >:€ OIS ¢7’,dq:<¢0):e 0¢7’
$,q
Ly,
—1

Uqg L
Udq = =e “uy
Ug ¢7‘,d

It is not surprising that (9) resembles (4), because the idea
behind the FOC is to have linear flux and current dynamics, as
in the finite discretization. In both cases, the first one determines
a transformation which renders linear the flux dynamics. Then,
one looks for a control law which cancels the nonlinearities in
the current dynamics. Indeed, the transformation (9) is different
from (4), and the resulting models (5) and (8) are different in the
current dynamics. This leads to different control expressions. In
fact, the FOC is given by [12]

é0 =pw + 8,9 (9)

Udqg = Lo(—aﬂ¢r,dq + pﬂwg(br,dq + éOSIs,dq + qu)

aLy, 2

—afprq — €olsg — byt Vs,g T 0a

=L, o ¢ (10)
(pﬁuxbr,d + €ols,a + %Zs,dls,q + vq)
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where vg, = (vq v, )T, with

Vg = — ka1 (drd — Orer) — ki | (&r,a(T) — dret(7)) dT

L o—

Vg = — kd,Q(wr d — wlef kz 2 / Wy, d wref(T)) dr
0

and ¢.r and w,er as the flux and angular velocity references,
respectively, and kg1, kg2, ki1, ki,2 > 0. One hence obtains
the following closed-loop dynamics:

Q.Sr,dq = - a¢r,dq +pws¢r,dq + aLmIs,dq - é()%qsr,dq
o _a¢r,d + O‘Lmis,d
0
js,dq - ’YIs,dq + qu

1 . 1
=T = N¢r,dls,q - =T

w :lulsjjdq%(br’dq - J J

0=uw. (11)
From (10), it is clear that FOC imposes the feedback lineariza-
tion of (8) [22]. Hence, the FOC eventually obtains a linear
model for the flux and current dynamics, as uy in (2). In this
sense, the FOC can be applied to obtain a finite discretizable
system as well, namely, from (11), one could obtain an exact
closed form for the sampled dynamics. Indeed, it easy to see
that uy is more general than FOC, because it cancels just the
terms which do not allow the finite discretizability. In fact, in
the (d, ¢) coordinates u ¢ can be written as

Updq =€ “up = Lo (pBwSdr.aq + pwSls aq)

and it is readily checked that

Udq = Uf,dq + La ( OéﬂQSr dq Zs q\yIs dq + qu)

oLy,
brd
and it is clear that the implementation of the FOC would imply
also the implementation of further terms.

III. DISCRETE-TIME CONTROL OF IMs

The discrete-time control vy in (2) is designed hereinafter,
in order to solve the posed control problem, following the
sliding-mode approach. On this ground, we first derive the
expression of the tracking error dynamics e; r = wi — Wy,
eay = ®F®y — @, ), which are the new outputs which we
want to force to zero. Using (6), the error dynamics can be
written as follows:

1)
T T
e1,k+1 =wk + Ml SPp + A vk — jck — Wr k41

2 T T 2 1T
€2 k41 :aH(I)k. Dy + 20,11&12(1)k I + alzlk I

+ AL on + bvl vk — Pk (12)

where

Ak = —S(Pr+n3li) Ao p=2b1(a11Pr+ai2l;). (13)
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It is interesting to note that A; j, represents the vector 7Py, +
n3 I rotated /2 clockwise.

Notice that the system (12) depends on quadratic terms of
the control signal vy because b; > 0 for all sampling time
0 > 0. This complicates the control design procedure. In order
to simplify the design of a control law, one considers as
new control

Vak Ay
V - ’ = T s T = ’
k (Vb,k> KUk k (Agk
v = Tk’ll/k. It can be verified that the transformation 7 is
invertible for all k, with

o\ (@
detTp =dp = A, S\e =201 ( 5 ) R %) #0
) ’ I I
(b1 >O)

(14)

and

a11M2l2x2

—(, 2 (a12m2 + a11m3)lax2 (15)
5 (a12m2 + a11m3)laxe

a12n3laxo
nonsingular for all § (see Appendix I). Note that

Tt ALk)

—A{ B2,k >
/\f ALK

With such a control transformation, e; ;41 and es ;41 de-
pend only on V, j, and V, j, respectively, and (12) becomes

(=2

T dy
—\T -1 7i )\Tk>\2k
m @ =g (S

1)
e1 k1 =wk +mIL 3P, — —Cy

- Wr Va
7 Wrk+1 T Va,k

€2, k41 = aszik + bV + ci (16)
where
b? 2b2
ar = dé )\Tk)\l >0 bp,=1-— dfil)\{’k)\g,kva’k
T b
C = 4[)2 )\2 k)\Q kT d2 )\2 k)‘Q kV k (br,\)kJrl
1 b2
(4()2 ! Vf k) >\ng)\2 k= Prrt1
_ [ P at,  anais Dy
1, anaz  aiy 1,
LY
d2>\ pA2k V2 — Prgegr
It is worth noting that ay, is zero when @y = —n3li /1.

A discrete-time sliding-mode control will be designed here-
inafter to force to zero the error dynamics. A natural choice as
sliding functions are the errors e ;, and ez 1.

Because the control objective is to design a controller for
angular velocity tracking and disturbance rejection, considering
e1,) as sliding surface, one can impose that this tracking error
be zeroed in one step, namely, e; ;41 = 0. Considering the first
of (16), this is achieved considering

)
Var = —wi, — m Il 3O + jCk + Wy g1 (17)



3762

Usually, such a control is called equivalent control and is such
that the sliding manifold e; ;, = O is rendered invariant.
Analogously, we determine V, 1, imposing that the tracking
error es i, is zeroed in one or more steps or tends asymptotically
to zero. The determination of the equivalent control follows
from simple considerations reported hereinafter.
1) If a >0 and Ay = b7 — daic, > 0, considering the
second of (16), one imposes axVi + bV x + cr = 0.
Hence, the control

b VA
Vog = — 5 £ ~—F
26Lk-

26Lk-

straightforwardly imposes ez 41 = 0, i.e., ensures that
es 1 18 zeroed in one step.

2) If a; > 0 and Ay < 0, then ez ;, cannot be zeroed in one
step. In this case, we can only determine Vj so that
ea ) decreases at each time step. This can be achieved as
follows. For a certain r > 0, representing the duration of
the decrease required on e ;, one iteratively imposes

2
€2etj+1 = Gkt Vokrj T Vot + Chtj = )
where j = 0,...,r, with p; chosen so that |eg j ;41| <
|ez,k+;| and such that the new discriminant

A 2

A = by — 4aksj(Chj = Pj)

is equal to a fixed minimum value A, ; > 0. Hence,
Pj = Cktj + (Bminj — b3y ;)/(4ak4;). Therefore, one
easily works out the values of the control Vg3, ensuring
this decrease

—bitj £ \/Dumin,j

201+

Voktj = , j=0,...,m
With this choice, ey tends asymptotically to zero.
Clearly, the fastest decrease of ep ) is obtained for
Amin,j =0, ie., with vb,k+j = bk+j/(2ak+j), ] =
0,...,r, namely, imposing V; j, = bi/(2ax) when ap >
0 and A < 0. Clearly, if after r steps, Ay becomes
nonnegative, V4, will be chosen as in point 1) [or 3)],
therefore obtaining zero error in r + 1 steps.
3) If a = 0, then it is possible to impose straightforwardly
e2.x+1 = 0 in one step with the control V;, j, = —cx, /by
We can resume this discussion saying that, with the following
equivalent control:

— b YR if gy, > Oand Ag > 0
Vo = —;;k ifa, > 0and Ay, <0 (18)
—g—: ifay =0

with Ay, = b? — 4daycy, the flux tracking error is zeroed in one
or more steps or tends asymptotically to zero.

We have shown that e ;, and ey j, are forced to zero asymp-
totically. One should ensure that I;; does not diverge to infinity.
This aspect is correlated with the stability of what are called
the zero dynamics which, roughly speaking, are those dynamics
obtained when the output of the system is zero (see [22]
for the continuous time setting and [30] for the discrete-time
case). We do not carry out a formal study of this aspect (but,
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in Appendix III, we give some more details), and we just
mention that I remains bounded (this can be also seen from
the experimental results given in the following), whereas the
flux angular position 04 j, and the rotor angular position ¢, in
practice take value in [—, ). This prevents the control v, from
saturating, and the suggested scheme can be applied to solve the
posed control problem.

IV. DISCRETE-TIME CONTROL FROM
SAMPLED MEASUREMENTS

In this section, we consider and fix the drawbacks of the
proposed controls (2) and (14). The first problem is the mea-
surability of the rotor flux and the load torque. This problem
is solved by a simple discrete-time reduced-order observer, as
shown in Section IV-A. The second problem concerns how the
continuous feedback (2) is implemented, i.e., the availability of
the signals 0(t), Is(t), and ¢,.(t). This aspect is considered in
Section I'V-B.

A. Flux and Load Torque Observers

In practical cases, the rotor flux and load torque are not mea-
sured, and this is a crucial aspect in the real implementations.
The literature presents various works on this subject, in the
case of continuous time, see [1], [3], [5], [14], [21], [24], [39],
[41], and [46] among the others. Less numerous are the results
in the discrete-time setting [2], [7], [10]. In the following, we
derive flux and torque discrete-time observers for the discrete
model (6). The flux observer is proposed to have the following
(quite obvious) form:

Dp 11 = an @y, + araly + brvg. (19)

Then, the dynamical error equation becomes

€d,k+1 = A11€d,k epr = Py — Py

It can be verified that |a1;| < 1 (see expression in Appendix I).
Hence, &), asymptotically converges to ®y.

As far as the load torque estimation is concerned, we have
assumed that (Hs) holds. Then, the following observer can
be used:

Wk+1 =wg + 771[;{%&)]@ + (nzcﬁg + 773[,?) Sy,
0 .
— jCk —+ ll(wk - wk)
Cr1 =Ch + lo(wi — Q). (20)

Note that the estimation @y, is necessary only to determine C.
Setting e, , = wr — @i, and ecp, = Cf — C’k as rotor angular
velocity and load torque estimate errors, respectively, the dy-
namical error equations become

ewktl | _ [ —h —% Cu ke
€C,k+1 =l 1 ec,k
T T
+ (mlk 0 M2V}, > Seo i

+ (?) AC(k,5). 21)
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Note that e , tends asymptotically to zero and 7, I} and nov}
are bounded terms. Due to the presence of the term AC(k, ),
which acts as a perturbation, choosing /; and [ such that the
state matrix in (21) is Schur, &) and C converge asymp-
totically to wy, and C}, in a practical sense [17], namely, the
trajectory of the estimation error belongs to a neighborhood of
radius r of the origin. Note that, on the basis of the assumption
(Hz), the perturbation term AC'(k,d) can be made small by
reducing the sampling period §, namely

IAC(K, 8)| < ACmaxA(8) < ACmaxA(d)

for § < g, with §y sufficiently small. In this way, one obtains
a smaller value for the radius r and, hence, a better observer
performance.

B. Implementation of (2)

The main issue concerning the implementation of the control
law designed here is the realization of the continuous part of
control (2), where the stator current (), the rotor flux ¢,.(t) =
eP?3d(t), and the rotor angular position and velocity #(t) and
w(t), respectively, are required. On this ground, we show here
that this continuous control can be written as a combination
of the sampled values 6y, wy, and é’k. The coefficients of this
combination depend on a time varying term, usually called
exponential holder. This exponential holder is the only term to
be implemented via an analog device, together with an analog
integrator.

The stator current /; can be measured by analog devices,
whereas the rotor angular position and velocity 6 and w, re-
spectively, are commonly measured by a digital device, such as
an encoder, meaning that their values 0 and wy, are available at
sampling instants. Furthermore, ¢, is estimated by the discrete-
time observers (19) and (20), and only the values qgnk =
eP?x3d,. are available at sampling instants.

Therefore, we need to reproduce the continuous time signals
0(t), w(t), and ¢, (t) from the knowledge of the values 6y, wy,
and ;. This can be done as follows. Referring to Appendix I
and considering (24) and (25), setting 7 =t — ko, 7 € [0,9),
and considering @}, in the place of &y, for ®(t) and w(t), one
obtains the following expressions:

¢ ) = @1(7)®k + pa(T) I + G (T)vi
w(t) =w(r + ko)

. C
+ UQ(T)<I>£%U;€ + Vg(T)IkT%Uk _ 2k

7 (22)

Note that the expressions of 1(7), ¢2(7), ¢1(7), and v;(7),
1 = 1,2, 3 contain terms of the form e*”, ¢ = +p or ¢ = Fwy,
see Appendix I. In fact, the hyperbolic trigonometric functions
can be represented with exponential terms. The term e*” is
usually called exponential holder and is physically realizable
by an analog device [8], [9]. In particular, in [9], an electronic
realization of such device is proposed and a circuit realization
is given for sinusoidal signals. In some sense, the exponential
holder represents the “minimum requisite” that has to be imple-
mented analogically to reproduce ®(¢) and w(t).
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Therefore, (22) allows us to reconstruct the values of ®(t)
and w(t), for all t. Once w(t) has been reconstructed, it can
be integrated in order to obtain 6(¢) by means of an analog
integrator device.

V. SIMULATION AND EXPERIMENTAL RESULTS

In this section, we first compare the proposed control scheme
with different control laws, by means of simulations, and then,
we describe the experimental results.

A. Simulation Results

We considered an IM with the following plate data: three
phase, two pole, 0.14 KW, 0.74 pf, 1600 r/min, 220 V, 1.3 A,
and with R,=10.1, Rs=14 Q, L,=400, L,=4128, L,,=
377 mH, and J =0.01 Kg m?.

Hence, a=24.467 Q/H, 5=16.398 1/H, v=402.62 Q/H,
u=2.7398 1/(Kg m?), and L, =5.5695 x 10~2 H. Moreover,
wp=198.6 Q/H and p=213.5 Q/H, where Q/H=Hz. The
sampling period is § =230 us, which is a typical value in
applications, see for instance [5], and which is in accordance
with the value used in Section V-B. It is worth noting that
the choice of the sampling period is an important aspect in
the digital implementation of control laws, and one popular
way to check the influence of the sampling period J on the
controller performance is by simulation. In Section I, we have
already noted that an advantage of obtaining an exact discrete-
time model is that the sampling period can be theoretically high,
although other aspects limit in practice its value.

The gain control parameters have been chosen equal to
1y = 0.0824 and [, = —0.8244. With these values, it is possible
to check that matrix (7) is Schur. A load torque 7" of 0.2 Nm,
with a variation to 1 Nm at ¢ = 4.6 s, has been considered in
the simulations.

In order to compare different control solutions, we have
considered four control schemes:

a) the sampling of the classical FOC, see (10), with the state

observer proposed in [47];
b) digital control and observer determined on the basis of the
Euler approximation [26]

¢r,k+1 = d)'r,k + 6(_\11k¢r,k + OéLmIs,k)

1
Isvk‘H :Is,k +0 (ﬂ\pk¢r,k - ’YIs,k + LUk)

1

Or+1 =0 + dwy,

of the dynamics (1), with Uy, = al; — pwr S and I; as
the identity matrix;

c¢) control law given by (14), (19), and (20) and the sampling
of uy in (2), namely

uy, = pLowrS(Is i + Brr) + PPy,

Dr i _ PSPy,
Is,k - epek%]'k '

(23)

where
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Fig. 1. (Solid) Rotor angular velocity wy, and (dashed) reference w;. ;.. (a) FOC with observer. (b) Digital control and observer (Euler approximation). (c) Control
laws (14), (19), (20), and (2) sampled. (d) Control laws (14), (19), (20), and (2) implemented with the exponential holder. (e) Control laws as in (d), but with

5 = 460 ps.
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Fig. 2. (Solid) Estimated square flux modulus ||<f’k||2 and (dashed) reference ®,. ;. (a) FOC with observer. (b) Digital control and observer (Euler
approximation). (c) Control laws (14), (19), (20), and (2) sampled. (d) Control laws (14), (19), (20), and (2) implemented with the exponential holder.
(e) Control laws as in (d), but with § = 460 ps. (Right) Zoom from 0 to 0.5 s of the same graphics on the left.

d) control law given by (14), (19), (20), and (2) implemented
as explained in Section IV-B;

e) control law as in d), but with a doubled sampling period
0 = 460 ps.

In Figs. 1 and 2, the simulation results for these five schemes
are compared. The rotor angular velocity reference increases
from O to 100 rad/s in the first 20 s and, then, is piecewise
constant and equal to 70 rad/s for ¢ € [30,40) and to 40 rad/s for

t € [40,50]. The flux modulus reference has a constant value
of 0.2 Wb, The other variables have not been reported due
to space limitations. Note that the behaviors of the controllers
c) and d) are practically coincident, at least for the chosen
sampling rate. This means that the simple sampling of (2) is
an effective solution, which avoids the use of analog devices,
at least for sufficiently small sampling periods 4. In fact, it is
obvious that, as 6 — 0, one recovers the continuous behavior.
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Fig. 3.

(Solid) Rotor angular velocity wy, and (dashed) reference w,. i in the case of measurement noise. (a) FOC with observer. (b) Digital control and observer

(Euler approximation). (c) Control laws (14), (19), (20), and (2) sampled. (d) Control laws (14), (19), (20), and (2) implemented with the exponential holder.

(e) Control laws as in (d), but with § = 460 us.

(a) wo

(b) Wb

(c) wb

(d) Wb

(e) wb

Fig. 4. (Solid) Estimated square flux modulus ||'i> k ||2 and (dashed) reference ®,. . in the case of measurement noise. (a) FOC with observer. (b) Digital control
and observer (Euler approximation). (c) Control laws (14), (19), (20), and (2) sampled. (d) Control laws (14), (19), (20), and (2) implemented with the exponential
holder. (e) Control laws as in (d), but with 6 = 460 us. (Right) Zoom from 0 to 0.5 s of the same graphics on the left.

Anyway, on the basis of the comments already done, there is no
theoretical assurance in case c) that the digital representation
is still accurate as § increases. It is also worth noting that
the controller d) performs better with respect to the sampled
FOC or a digital controller determined on the basis of simpler
discrete-time representations, such as the Euler approximation.
The controller e) shows a behavior similar to that in d), because
the exact continuous reproduction is ensured at the sampling

time by the sampled closed model, in accordance with the
theory. Note that nothing can be ensured for the intersamplings.

As final consideration, because the implementation of these
control laws requires the knowledge of the angular velocity,
whose measurement is usually quite poor in practice, a de-
generation of the controller performance is expected due to
measurement noise. In order to evaluate this important aspect,
in Figs. 3 and 4, we have considered the previous controllers
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Fig. 5. Experimental setup.

with measurement noise. In this case, the performance of the
controllers c¢) and d) are practically the same. However, the
degradation in performance of controller b) and the sensitivity
of controller a) with respect to load torque variations suggest
the superiority of the proposed controller d).

B. Experimental Results

The experimental setup, shown in Fig. 5, consists of an IM
with the same characteristics given in the Section V-A. The
power module is a three-phase inverter Semikron IGBT Power
Electronics Teaching System, which incorporates a three-phase
rectifier fed by a three-phase ac variator. The control and PWM
generation are implemented with a DSP board (Dspace 1104).
The signals from the phase currents are acquired by analog-to-
digital converters included in the DSP board.

The motor is loaded by a dc generator connected to a
variable-power resistor. In the tests, we reproduced a load
torque 7" of 0.2 Nm, with a variation to 1 Nm atf = 4.6 s, as in
the simulations.

The motor position and speed are measured by an optical
encoder with 1024 ppr (pulses per revolution) of resolution and
filtered by a first-order Butterworth low-pass filter having an
8 rad/s edge frequency, to attenuate the measurement noise. The
stator phase currents are measured by Hall-type sensors.

On the base of the time constraints of the implementation,
the sampling period has been fixed equal to § = 230 us, which
is a typical value in applications, as already observed. However,
we recall that an advantage of obtaining an exact discrete-time
model is that the sampling period to be used in the implementa-
tion of the control law can be high, at least theoretically. Other
aspects, such as actuators, data acquisition, etc., limit in practice
its value.
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Fig. 6 shows the output tracking results. The references have
been chosen as in Section V-A. The results are similar to those
in Section V-A, showing slight deviations corresponding to
step variations. These differences can be attributed to the high-
frequency effects of the unmodeled dynamics of the actuator,
not considered in the mathematical model. Finally, Fig. 7 shows
the experimental behaviors of the components %, 4, and i, p
of the stator current vector I, , and those of the input voltages
Uq,k and up .

VI. CONCLUSION

In this paper, an exact sampled data representation of the
IM has been obtained. This sampled data model has been
determined by means of a particular controller which induces
a sampled closed representation for the original continuous
time model. On the basis of the exact sampled data model,
an observer-based controller, which guarantees asymptotic ref-
erence tracking for the velocity and flux in the presence of
an unknown load torque, has been designed. Some interesting
issues, such as the robustness of the controller with respect to
parameter variations, determination of the sampling period, and
modeling of the actuator’s dynamics, are currently under study.

APPENDIX I
SAMPLED DYNAMICS OF SYSTEM (8)

Integrating (5) on the time interval [kd,t), t < (k + 1)d, one

obtains
(‘I)(t)) _ ((pl(t — k?(s)]:[gxg @Q(t — k5)H2X2> (':I)k )
I(t) (pg(t — k(s)]lgxz (,D4(t — k(s)ﬂzxg Ik
Ci(t — Ekd)lzxo
* (Cz(t - k5)]12x2) Y
t

w(t) =wy + ﬂ/ITi‘@dT — %(t — k&)
ké
t
0(t) =0, + /w(r)dT (24)
ké

where, denoting “sinh” and “cosh” by “sinh” and ‘“cosh,”
respectively

v1(t) = e Pt [72_ @ sinh wgt + cosh wot]
wo
L
a(t) = EEm o=t sinhwt
wo
©3(t) Oé—ﬂe’Plt sinh wot
wo
oa(t) =e P [ T % inh wot + cosh wot}
wo
Ly, :
Gi(t) = [1 —e Pt L}ﬁ sinh wot + cosh wot”
0

G(t) = R—[l — e_”t[ ! <p — &) sinh wot + coshwot”

wo L(T
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Fig. 7. Stator current components: (a) is 4 % and (b) i, p 5. Control input voltages: (¢) uq,x and (d) up .

with p = (o« +7)/2 = (LsR, /L. + Rs)/(2L,) and For the expressions of w(t) and 6(¢), one works out
w(t) =wg + v (t — kO ISPy + va(t — kd)DF Sy,

Wwo = \/(’Y - a)Q + 404251/771/2 =V p2 - aRs/Lo + llg(t — ké)IkTC\‘wk — %(t — k§)

v—a= (Ry+ (2L% — L,L,) R,/L?) /L,. 0(t) = Or + (t — kd)wg + va(t — kO) I SPy,
+ us(t — k6)®F Svp + vt — k) I Suy,
1
——(t— k(S)Q% (25)

Note that, for our case, v — a > 0. 2 J
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where

v(t) = %efpt sinh pt

— 1 1
120} (t) = OKLRseipt |:’Y2Ck (u}o sinh WOt — ;Sinh pt)
+ cosh wyt — cosh pt}
L’"L —_ 1 . 1 .
v3(t) = %e pt L}O sinh wot — 5 sinh pt}
2 —pt
va(t) = a {t ~ % sinh pt}
a+y P
2 2
_Mlo o[y =)y +20°BLy,
vs(t) = oZR2 ['y —e? [ o sinh wpt
+ 7 cosh wotH
2 —pt
p e ¥
- 1= inhpt + Lt
(a+7)Rs { p ST }
*Lin Lo
ve(t) = B ZmZo g _ e~ Pt aty sinh wot + cosh wgt
aR? wo
2 —pt
WLy, e Pt .
— —— sinh pt.
Ry p?

For t = (k + 1)d, we finally obtain the expressions in (6) with

ain =¢1(0) a2 = 2(0) az1 = 3(0) azx = ¢4(9)
b1 =C1(6)  ba=G(8) m=v1(d) m2=10(0)
n3 :1/3(6) K1 = 1/4(5) Ko = 1/5(5) R3 = 1/6(5).

Note that the coefficient b; is always positive for all 6 > 0, as
can be verified by plotting b; as a function of §. Note also that
the matrix Ay in (7) can be easily transformed into the matrix
diag{A, A}, where

A is a nonsingular matrix with determinant |A| = e~#° and
with characteristic polynomial p(\) = A2 + a1\ + ag, a1 =
—2e7" coshwyd, and ag = |A| = e *°. Applying Jury’s cri-
terion [4], one gets that all its roots are inside the unit
circle if and only if ag=e” <1 and ag+a; +1=
e P9 4 2¢ "% coshwpd + 1 > 0. Because p >0 and e *° +
2e~ "% coshwyd + 1 is always positive, one easily concludes
that A, is Schur for every choice of the sampling period ¢ > 0.

Finally, considering the matrix R given by (15), one works
out that the determinant is

det R = (a11m3 — a12n2)4/16
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where
L, :
aiinz—aiaN = 5()76’2”5 (smh w6 cosh pd
— %0 cosh w6 sinh p6>
p
Ly,
K dp,s (tanh wod — “o tanh p5>
wo R p
with

drs = e 2% cosh wod cosh Po.

Here, tanh wyd/ tanh pd — wy/p is a positive increasing func-
tion of ¢, and dg s is different from zero for § # 0.

APPENDIX II
SAMPLING OF (a,b) ROTOR FLUX VECTOR
ANGULAR POSITION

In the stator reference frame (a, b), the rotor flux at time k¢
can be obtained from (4)

¢rak> POLS (¢ak>
r = K = @ s (b = )
Prik <¢r,b7k ¢ k F Dbk

([ cospf —sinply Dak
" \sinpli  cosply Dbk
_ ( Pak cospOi — ¢k sin pby,
Ga,k SN PO + ¢y 1 cosply |-
Hence, the angular position of ¢, ;, is given by

Prbk _ Pak sin pfy, + ¢p, cos ply,
Grak  PDak COSpOy — Py 1 sin poy,

b,k

a,k

0 ), = arctan

:pak + arctan (26)

where some trigonometric manipulations have been performed.
Moreover, considering that

cos 0 j
Dri = \/@f@k( . >
sin 0o j
one gets
D) = P3¢,

_ cosply  sinply 3T cos 0 1,
— \ —sinpf cospby k=R sin 0o

=+/e2r + @10k

with @ffbk = eg + P, 1 and where we have defined

9y = <cos(9<1>7;€ — p&k)).

Siﬂ(@@jk — pek)
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APPENDIX III
ZERO DYNAMICS

The difficulties in studying the stability of the whole con-
trolled system are due to the fact that the strict feedback form
[20], as that of the IM dynamics, is lost under sampling. To
the best of the authors’ knowledge, there are not general results
on the stability of such sampled systems. In the following, we
analyze the so-called zero dynamics and we give some results.
The system dynamics can be rewritten using the new state
variables (e1 eay Il 0o 0r)", where the first two
variables are exactly the outputs of the system and where the
“complement” of this state transformation is given by the cur-
rent I, the rotor flux angular position 0 ;, [see (26)], and the
rotor angular position 6. The zero dynamics are the dynamics
of the complement variables when the outputs are zero.

The current dynamics [the second of (6)]

Iiy1 = agaly + Wy
Wi = as \/Mﬁk + bgﬁilvk-

have eigenvalues inside the unit circle (a22 € (0,1) for all
0 > 0—see Appendix I), so that these dynamics are bounded
input-bounded output. Unfortunately, it is not evident how to
show that the “input” Wy is bounded. In fact, while ¥y is
given by bounded (trigonometric) functions, ®, ; is bounded,
and e ), tends to zero, it is easy to check that vy = Tk*le
depends explicitly on Ij. A possible solution to circumvent this
difficulty is to show the existence of a steady-state function I, j,
for I;. On this ground, we first get rid of uj between the flux
and current equations [first two equations of (6)], considering
the variable I}, = by®;, — by I;,. One easily obtains

Q= ez + @it

Iiy1 = My + b®y,

where

>l

=a22 — a1252/b1

b= (a1 — as)bs — asiby + ai2b3/bs.
It is possible to check that |A\| <1 (see Appendix I).
These linear dynamics are bounded input-bounded output,
forced by a bounded input ®; (es ) goes to zero, ®, ; is

bounded by assumption, and 9 has trigonometric—sin and
cosine—components). Hence, I}, is bounded and therefore also

by 1-
I, = =&, — —1I
k by k blk

is bounded. Moreover, there exists a steady state

solution of the linear equation

Lgs1 = My g + by/®y 0y
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It is easy to see that Ij, converges to I,. .. In fact
Livi—Lpr1 =MNIe— I i) + b(\/e2,6+Pr i —/Pr i)V

|A| < 1, and @, converges to \/®,. , ¥y (because es j tends to
zero). Therefore, I}, converges asymptotically to

b 1-
I = *2\/ D, 10 — — 1k
by b1

7 k-1
= bﬁ\/cbnkﬁk _b > N/, ;.
by b =

Finally, the dynamics of fg ;41 and 6, may be unstable,
namely, 8¢ ;41 and 6, may go to infinity. This is physically
admissible because they refer to the flux and rotor angular
positions [in practice, they take values in [—m,7)], and is
mathematically acceptable because 04 and ¢ enter in the
other equations (those of Ij,) through /%, which is bounded.
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