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A toy model for contact simulations

Contact between a body and a rigid flat support

» rigid body
» affine body (homogeneous deformations)

» contractile affine body
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Contact force constitutive laws

Repulsive force:

q,(x,t) =a,d(x,t) " n

Damping force:

Qq(x,t) = =fa d(x, )7 (n @ n) p(x, t)

Frictional force:
qf(x7 t) = P d(X, t)iw (I —n n) p(x7 t)

Adhesive force:
q,(x,t) = —Ba(d(x,t) 7" — d(x,t) 7" )n
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Contact force constitutive laws

— repulsive force
repulsive + adhesive forces
--- repulsive 4+ adhesive forces

V=8, Vaa=3, Va=6
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Contact force constitutive laws
n
(o] L

d(x, t)

d(x,t) .= (p(x,t) —0)-n
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Contact force constitutive laws
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Rigid block

Soft and rigid impact
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Numerical simulations (rigid body)
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Numerical simulations (rigid body)

rocking on a sloping plane spinning top
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bouncing

031 dice throwing
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adhesion and detachment
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Affine body




Affine body

The motion of a body B is described at each time t by a transplacement
p(-, t) defined on the reference shape D :

p:DxJI—E&
characterized by the following representation:
p(x. t) = Po(t) + Vp(£)(x - x0)

where Vp(t) : V — V is a tensor such that det Vp(t) > 0.
An affine velocity field v at time t has the representation:

v(x) = vo + Vv(x — xo)
Along a motion at time t

Vo = Bo(t), Vv = Vip(t)
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Affine body

Balance principle:

/ b(x,t)-vdV +/ q(x,t) -vdA —S(t) - Vvvol(D) =0, Vv
D oD

Balance equations:

—mpy(t) —mg+f(t)=0
—Vp(t)J + M(t) —S(t)vol(D) =0
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Mass and Euler tensor:

m::/ pdV
D

J ::/ p(x —x0) ® (x — xq) dV
D
Total force and moment tensor:

f(t) = /m a(x, £) dA

M(t) .= /8®(x —Xo) ® q(x, t)dA
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Material constitutive characterization

Frame indifference:
S-WF=0 VYW |symW=0 = skwSF'=0

Dissipation inequality:

. d
F—-— — >
S-F dtgo(F) >0

Reduced dissipation inequality:

STFT-FF 1 >0
St :=S— S(F)
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Material constitutive characterization

Hyperelastic stress:

Mooney-Rivlin strain energy (incompressible material):

QO(F) = Cl(ll(C) — 3) + CQ(ZQ(C) — 3) .

11(C) :=1tr(C), »(C) = %(tr(C)2 - tr(CZ)) .
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Material constitutive characterization

Reduced dissipation inequality:

STFT.FF1>0
S*:=S—S(F)

The simplest way to satisfy a-priori the dissipation inequality:
STFT = 1 sym (FF_I), >0
Stress response (dissipative + energetic + reactive):

S = sym(FFH)(F) 1+ §0(F) —m(FT)™*
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Contact forces

Surface forces per unit deformed area:

q(X, t) = qu(xa t) k(X, t)

Area change factor:

k(x, t) := [ Vp(t) ™ ngp(x)| det Vp(t)

nyp(x) outward unit normal vector
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Numerical simulations (elastic body)

elastic bouncing, rolling and oscillations
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Affine contractile body
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Affine contractile body
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Kroner-Lee decomposition:
F(t) :== Vp(t) G(t)
Contraction velocity:

V=GG!
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Affine contractile body

Balance principle:

/ b(x,t)-vdV +/ q(x,t) - vdA —S(t) - Vvvol(D)
D oD

+(Q(t) - V—A(t) - V) vol(D) =0, V(v,V)
Balance equations:
—mpg(t) —mg+f(t) =0

—Vp(t) J + M(t) — S(t) vol(D) =0
Q(t) - A(t)=0
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Material constitutive characterization

Frame indifference:

S-WVp=0 YW |symW=0 = skwSVp' =0
Dissipation inequality:

A-GG_I—I—S'V[')—%(QO(F)detG) >0
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Material constitutive characterization

Reduced dissipation inequality:

STVpT-FF 1+ AT -GG >0
St:=S—S(F), A" :=A-+F'SG" — (det G)p(F)I

Hyperelastic stress:

e - dy(F)
S(F)G" - F = m
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Material constitutive characterization

The simplest way to satisfy a-priori the dissipation inequality:

STVp' =psym(FF '), >0
A" =1, GG™Y, >0

Stress characterization:

S =y sym (FF1)(Vp') ™!+ So(F) — 7 (Vp')
A=/, GG — (FTSG" — (det G)(F)I)

Tatone Soft and rigid impact



Material constitutive characterization

Equations of motion:

—ViJ+M—Svol(D) =0

1, GG = FTSGT — (det G) »(F)I + Q
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Numerical simulations (contractile body)

oscillating driving Q
| 12g1]]12g2| 12g3]
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Numerical simulations (contractile body)

oscillating driving G

(Bt ] | Dot
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Numerical simulations (contractile body)

oscillating driving G
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