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Soft shell-like structures are ubiquitous:

• organelles & cell membranes

• lymph and blood vessels

• alimentary canal & respiratory ducts

• urinary tract

• uterus
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The mechanical response of all of these structures—a key feature

of their physiological and pathological functioning—is subtle and

elusive.
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Another critical issue is their ability to grow and remodel, in a

way which is both biochemically controlled and strongly coupled

with the prevailing mechanical conditions.
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While the characterization of the mechanical response of soft

tissue is progressing at a reasonably fast pace nowadays, we

find that growth mechanics is definitely the weakest link in the

modelling chain.
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Our focus is on the two-way coupling between growth and stress,

which we model within a theory in which bulk growth is governed

by a novel balance law, i.e., the balance of remodelling couples.
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We aim at developing and implementing a layered shell theory.

As a preliminary exercise, let us indulge in spherical symmetry.
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Basic kinematics

p(x) = o+ ρ(ξ) ar(x) (ξ := |x−o|) ,

∇p|x =
ρ(ξ)

ξ
P (x) + ρ′(ξ)N(x)

(N(x) := ar(x)⊗ ar(x) , P (x) := I−N(x)) ,

P(x) = αh(ξ)P (x) + αr(ξ)N(x) ,

F (x) := ∇p|x P(x)−1 = λh(ξ)P (x) + λr(ξ)N(x)

=
ρ(ξ)

ξαh(ξ)
P (x) +

ρ′(ξ)

αr(ξ)
N(x) ,

V(x) := Ṗ(x)P(x)−1 =
α̇h(ξ)

αh(ξ)
P (x) +

α̇r(ξ)

αr(ξ)
N(x) .

12



Basic energetics

ψ(λh, λr;αh, αr) = ϕ(λh, λr)α
2
hαr ,

detF = λ2
hλr = 1 ⇒

ϕ(λh) =
1

2

(
exp

(
a

4
(λ2
h−1)2

)
− 1

)(
λh +

1

λ2
h

)
.
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Basic dynamics

sh =
1

6

∂ϕ

∂λh
−
π

λh
,

sr = −
λ3
h

3

∂ϕ

∂λh
−
π

λr
,

ch = ϕ+ π −
λh
6

∂ϕ

∂λh
+ c

+
h ,

cr = ϕ+ π+
λh
3

∂ϕ

∂λh
+ c

+
r .
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