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A possible natural history for saccular aneurysms

Intracranial saccular aneurysms are dilatations of the arterial wall.

[J.D.Humphrey, Cardiovascular Solid Mechanics, 2001]
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A possible natural history for saccular aneurysms

An initial insult may cause a local
weakening of the wall and thus a
mild dilatation.

This raises the local stress field
above normal values, thus setting
into motion a growth and
remodeling process that attempts
to reduce the stress toward values
that are homeostatic for the parent
vessel.

If degradation and deposition of
collagen are well balanced, this
could produce a larger, but stable
lesion.

If degradation exceedes deposition
at any time, this could yield a
rupture.
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A recent survey in Japan

214

Table 2 Summary of patients with ruptured aneurysms

Case
No. Sex Age Location of

aneurysm
Motive for

examination Past history

Size of aneurysm (mm)

6
months

12
months

24
months

At
rupture

Treatment

1 F 53 single rt ICA ex. for intracranial
disease

hypertension 2.9 2.9 2.9 5.7 embolization
(27 months)

2 F 71 multiple AcomA ex. for intracranial
disease

hypertension,
pituitary adenoma

4.9 4.9 4.9 5.9 clipping
(7 months)

3 F 77 multiple lt MCA ex. for anxiety hypertension,
heart disease

4.5 4.5 4.5 dead
(7 months)

4 F 42 multiple lt MCA ex. for anxiety hypertension 4 4 7.0 clipping
(18 months)

AcomA: anterior communicating artery, ex.: examination, ICA: internal carotid artery, MCA: middle cerebral artery.

Fig. 1 Process of growth and rupture of aneurysms. Type 1: aneurysm ruptures within a time span as short as several days to several
months after formation, Type 2: aneurysm builds up slowly for a few years after formation and ruptures in this process, Type 3:
aneurysm keeps growing slowly for many years without rupturing, Type 4: aneurysm grows up to a certain size, probably under 5
mm in diameter, and thereafter remains unchanged. SAH: subarachnoid hemorrhage.

Fig. 2 Annual rupture rate of all aneurysms (Kaplan-Meier
method). CI: confidence interval.

214 Neurol Med Chir (Tokyo) 44, April, 2004

EBM of Neurosurgical Disease in Japan

358 aneurysms (94.2%) in Type 4. The summary of
four patients with ruptured aneurysms is shown in
Table 2. The annual rupture rate was 0.8% as shown
in Fig. 2 (Kaplan-Meier method). Of the four rup-
tured aneurysms, three were multiple aneurysms
and one was simple. The factors involved in the rup-
ture and enlargement of small unruptured aneurysm
were female, aged patient, multiple aneurysms, and
location as on the anterior communicating artery or
basilar artery.

Discussion

Many studies report that larger aneurysms are more
likely to rupture. In a prospective study, we must
always consider the safety of the patients.
According to the report from Hashi in 1996, 87% of
163 Japanese neurosurgical institutes agreed with no
surgical treatment for small unruptured intracranial
aneurysms under 5 mm. At this stage of our study,
the rupture rate is very low in single small unrup-
tured aneurysms under 5 mm, but is considerably
higher in multiple aneurysms. These findings may
recommend the observation of natural history in
single small unruptured aneurysms.
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that aneurysmswith thin hyalinizedwalls (D-type wall in
our series)were ruptured.However,in our series,also as
many as 55% (11/20) of thick intima-like walls (B-type)
had ruptured.This may reflect differencesin Finnish and
JapaneseSCAA populations.Interestingly,in our series,
B-type (thick intima-like) walls occurredin youngerpa-
tientsthanA-type (organized)or C-type(hypocellularwith
luminal thrombosis)walls. Possibleassociationbetween
age and SCAA wall maintenanceand repair capacity
warrantsfurther studies.

Maintenance and Repair of SCAA Wall
The wall of unrupturedSCAAs may remain intact for
years.30 Thus,strongmaintenanceand repair mechanisms
aremandatory.Our resultssuggestthat beforerupture,the
SCAA wall becomesunstableand undergoesmorpholog-
ical changesthat startat an undefinedtime interval before
rupture.Thesechangesreflect theeffectof risk factorsthat
predisposeto ruptureaswell asthemaintenanceandrepair
mechanismstrying to preventrupture.The factorsdistin-
guishing unrupturedand ruptured SCAAs in our series
were: decellularization,apoptosis,and degenerationof
wall matrix; de-endothelialization;thrombusorganization;
proliferation;and inflammatoryinfiltration. Most of these
are featuresrelated to MH (ie, the mechanismof how
generallythe arterial wall respondsto injury or hemody-
namic stress).16–18 In MH, proliferation and migration of
vascularSMCs lead to formation of a thickenedfibroid

layeron the luminal surfaceof thevessel.16–18 During MH
formation,theSMCsthatmigratefrom thevascularwall to
the luminal surfacesecretematrix metalloproteinasesthat
destroypartsof thewall matrix andmakethemigrationof
SMCs possible.31 The morphologicalchangesthat result
from the MH and matrix destruction are collectively
referred to as remodeling of the vascular wall.16,17 Al-
though MH is an adaptationmechanismof arteries to
hemodynamicstress,in SAH patients,for undefinedrea-
sons,vascularwall remodelingwasinsufficient to prevent
SCAA rupture. Paradoxically, in SCAAs, remodeling
might evenfacilitate rupturebecauseof increasedmatrix
proteolysis.31 It would be importantto studyaneurysmsat
a few weeks after rupture, but in our series,all but 6
aneurysmswere clipped within 48 hours.

Inflammation in SCAA Wall
RupturedSCAA walls showinflammation.9 It is not known
whetherinflammationtriggersthe ruptureof theSCAA wall

Figure 1. The 4 aneurysm wall types identified. A, Endotheli-
alized wall with linearly organized SMCs (17/66; 42% ruptured;
CD31 staining). B, Thickened wall with disorganized SMC (20/
66; 55% ruptured; myosin heavy chain [MHC] and Ki67 stain-
ings). C, Hypocellular wall with either intimal hyperplasia or
organizing luminal thrombosis (14/66; 64% ruptured; HE stain-
ing). D, An extremely thin thrombosis-lined hypocellular wall (15/
66; 100% ruptured; HE and TUNEL stainings).

Figure 2. Migration of SMC from the aneurysm wall to a luminal
thrombus. A, Immunostaining for myosin heavy chain. B, Immu-
nostaining for fibroblast–antigen. The microphotographs were
taken under �10 magnification from consecutive sections of a
twice-ruptured right AcomA aneurysm (11�6 mm) in a 28-year-
old male. Time from last rupture 14 hours.

2290 Stroke October 2004
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Before rupture, the wall of saccular cerebral artery
aneurysms undergoes morphological changes associated
with remodeling of the aneurysm wall. Some of these
changes, like SMC [ smooth muscle cell ] proliferation and
macrophage infiltration, likely reflect ongoing repair
attempts that could be enhanced with pharmacological
therapy.
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The morphological changes that result from the MH
[ myointimal hyperplasia ] and matrix destruction are
collectively referred to as remodeling of the vascular wall.
Although MH is an adaptation mechanism of arteries to
hemodynamic stress, in SAH [ subarachnoid hemorrhage ]
patients, for undefined reasons, vascular wall remodeling
[ is ] insufficient to prevent SCAA [ saccular cerebral artery
aneurysm ] rupture.
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Kinematics: gross and refined motions

gross placement
p : B → E

body gradient
∇p|b : TbB → VE

element-wise configuration (prototype)

P|b : TB|b → VE ,
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Kinematics: gross and refined motions

refined motion

(p(τ),P(τ)) : B → E ×(VE ⊗VE )

realized velocity

( ṗ(τ), Ṗ(τ)P(τ)−1) : B → VE ×(VE ⊗VE ) .

test velocities

(v,V ) : B → VE ×(VE ⊗VE )

(gross velocity, growth velocity)
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Working

total working∫
B

(
Ai · V− S ·Dv

)
+

∫
B

( b · v + Ao · V ) +

∫
∂B

t
∂B · v

(integrals taken with respect to prototypal volume and prototypal
area)

prototypal gradient
Dv := (∇v)P−1
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Balance principle

∫
B

(
Ai · V− S ·Dv

)
+

∫
B

( b · v + Ao · V ) +

∫
∂B

t
∂B · v = 0

balance of brute forces

Div S + b = 0 on B

Sn
∂B = t

∂B on ∂B

balance of accretive couples

Ai + Ao = 0 on B
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Energetics

free energy

Ψ(P)=

∫
P
ψ

(ψ free energy per unit prototypal volume)
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Constitutive issues: theory and recipes

The constitutive theory of inner forces rests on two main pillars,
altogether independent of balance:

the principle of material indifference to change in observer

the dissipation principle

Both of them deliver strict selection rules on admissible constitutive
recipes for the inner force. None of them applies to the outer force,
which has to be regarded as an adjustable control on the motion.
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Constitutive issues: theory and recipes

∫
B

(
Ai · V− S ·Dv

)
+

∫
B

( b · v + Ao · V ) +

∫
∂B

t
∂B · v = 0

In our theory of the biomechanics of growth, the outer accretive
couple Ao plays a primary role, representing the mechanical effects
of the biochemical control system, smartly distributed within the
body itself: ignoring the chemical degrees of freedom does not
make negligible their feedback on mechanics.
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Material indifference to change in observer

Change in observer

p̃(b, τ) = x̃o(τ) + Q̃(τ) ( p (b, τ)− xo(τ))

P̃(b, τ) = P(b, τ)

ṽ(b) = Q̃(τ) v(b) + w̃(τ) + W̃(τ) ( p̃ (b, τ)− x̃o(τ))

Ṽ(b) = V(b)
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Material indifference to change in observer

The working expended over each body-part on each test velocity
(v,V ) by the inner force constitutively related to each refined
motion (p,P) should be invariant under all change in observer.

The free energy Ψ should be constitutively prescribed in such a
way as to be invariant under all change in observer.

Amabile Tatone Aneurismi sferici



Material indifference to change in observer

brute Cauchy stress

T := (det F)−1 SF>

T> = T

warp
F := Dp = (∇p)P−1

(measures how the body gradient of the gross placement differs
from the prototypal stance)
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Material indifference to change in observer

If we further assume that the response of the body element at b
filters off from (p,P) all information other than

p|b, ∇p|b, P|b

we obtain the following reduction theorem: there are constitutive
mappings Ŝb, Âi

b and ψ̂b such that

S(b, τ) = R(b, τ) Ŝb(`b, τ)

Ai(b, τ) = Âi
b(`b, τ)

ψ(b, τ) = ψ̂b(`b, τ)

`b := ( U|b,P|b)
F = R U
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Dissipation principle

(
S · (D ṗ) − Ai · ( ṖP−1)

)
−

(
ψ̇ + ψ I · ( ṖP−1)

)
≥ 0

power expended : −{working expended by the inner force
constitutively related to that motion on the velocity realized along
the motion}

power dissipated : {the power expended along a refined motion} −
{the time derivative of the free energy along that motion}

dissipation principle : the power dissipated should be non-negative,
for all body-parts, at all times
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Ψ̇(P) =

(∫
P
ψ ω

)·
=

∫
P

(ψ ω)·

=

∫
P

(ψ̇ ω + ψ ω̇)

=

∫
P

(
ψ̇ + ψ I ·( ṖP−1)

)
ω.

(the prototypal-volume form ω evolves in time with ṖP−1)
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Constitutive assumptions: free energy and inner force

ψ(b, τ)= ψ̂b( U|b,P|b, τ) = ϕb (F(b, τ))

The dissipation principle is fulfilled if and only if for each b the
mappings Ŝ and Âi satisfy:

Ŝ = ∂ϕ+
+

S , Âi = E+
+

A

Eshelby couple
E := F> Ŝ− ϕ I

extra-energetic responses
+

S,
+

A

reduced dissipation inequality

+

A(`, τ) · ( Ṗ(τ)P(τ)−1)−
+

S(`, τ) · Ḟ(τ) ≤ 0
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Saccular aneurysms: Geometry & kinematics
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Saccular aneurysms: Geometry & kinematics

paragon shape D of B centered at

xo ∈ E

spherical coordinates

(ξ̂(x), ϑ̂(x), ϕ̂(x))

radius of x
ξ̂(x) = ‖x − xo‖

gross placement

p : D → E

x 7→ xo + ρ (ξ̂(x)) er(ϑ̂(x), ϕ̂(x))

actual radius
ρ : [ ξ−, ξ+] → R
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Geometry & kinematics

spherically symmetric vector fields

v : D → VE

radial component of v

v : [ ξ−, ξ+] → R

v(x) = v(ξ) er(ϑ, ϕ) .
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Geometry & kinematics

spherically symmetric tensor fields

Lε : D → VE ⊗VE

Lε(x) = Lr(ξ) Pr(ϑ, ϕ) + Lh(ξ) Ph(ϑ, ϕ)

orthogonal projectors

Pr(x) := er(ϑ, ϕ)⊗ er(ϑ, ϕ)

Ph(x) := I − Pr(x)
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Refined motion

gradient of the gross placement

∇p|x = ρ′(ξ) Pr(ϑ, ϕ) +
ρ(ξ)

ξ
Ph(ϑ, ϕ) ,

prototype

P(x , τ) = αr(ξ, τ) Pr(ϑ, ϕ) + αh(ξ, τ) Ph(ϑ, ϕ) .

warp (Kröner-Lee decomposition)

F := (∇p)P−1 = λr Pr + λhPh

λr(ξ, τ) =
ρ′(ξ, τ)

αr(ξ, τ)
, λh(ξ, τ) =

ρ(ξ, τ)

ξαh(ξ, τ)
.
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Refined motion

gross velocity and growth velocity

ṗ(x , τ) = ρ̇(ξ, τ) er(ϑ, ϕ)

Ṗ P
−1(x , τ) =

α̇r(ξ, τ)

αr(ξ, τ)
Pr(ϑ, ϕ) +

α̇h(ξ, τ)

αh(ξ, τ)
Ph(ϑ, ϕ)

Amabile Tatone Aneurismi sferici



Dynamics: brute and accretive forces; balance principle

working ∫
D

(
A
i · V− S ·∇v

)
+

∫
D
A
o · V +

∫
∂D

t
∂D
· v ,

(integrals taken with respect to the paragon volume and paragon
area)

∫ ξ+

ξ−

(
ArVr +2 AhVh−Sr v ′−2 Sh v/ξ

)
4π ξ2dξ +

(
4π ξ2 t v

)∣∣∣
ξ∓

A :=A
i + A

o = Ar Pr + Ah Ph .
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Balance laws

2
(
Sr(ξ)− Sh(ξ)

)
+ ξ S′r(ξ) = 0

Ar(ξ) = Ah(ξ) = 0

}
(ξ−< ξ <ξ+)

∓Sr(ξ∓) = t∓
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Energetics

Ψ(P)=

∫
P

Jψ

(ψ free energy per unit prototypal volume)

J := det(P) = αr α
2
h > 0

(Jψ free energy per unit paragon volume)

Amabile Tatone Aneurismi sferici



Dissipation principle

S ·(∇ṗ)− A
i · ( Ṗ P−1)− (J ψ)· ≥ 0

ψ(x , τ) = ϕ (λr(ξ, τ), λh(ξ, τ); ξ )

Sr = Jϕ,r/αr +
+

Sr Sh = Jϕ,h/αh +
+

Sh

Ai
r = J [ Sr αr λr/J − φ ] +

+

Ar Ai
h = J [ Sh αh λh/J − φ ] +

+

Ah

reduced dissipation inequality

+

Sr αr λ̇r + 2
+

Sh αh λ̇h −
+

Ar α̇r/αr − 2
+

Ah α̇h/αh ≥ 0
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+

Sr αr λ̇r + 2
+

Sh αh λ̇h −
+

Ar α̇r/αr − 2
+

Ah α̇h/αh ≥ 0

+

Sr =
+

Sh = 0

+

Ar = −JDr α̇r/αr ,
+

Ah = −JDh α̇h/αh

Dr > 0 , Dh > 0
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Incompressible elasticity

incompressibility

det F = λr λ
2
h = 1 ⇐⇒ λr = 1/λ2

h .

reactive inner force

./

S = J
./
π

(
1

αr λr
Pr +

1

αh λh
Ph

)
,

./

A = J
./
π I

free-energy restriction

ϕ̃ : λ 7→ ϕ ( 1/λ2, λ )
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Incompressible elasticity

active and reactive components

Sr =
J

αr λr

(
./
π − (λh/3) ϕ̃ ′

)
Sh =

J

αh λh

(
./
π + (λh/6) ϕ̃ ′

)
Ai

r = J (Tr − ϕ̃− Dr α̇r/αr) Ai
h = J (Th − ϕ̃− Dh α̇h/αh)

Cauchy stress
T = (J det(F))−1 SP>F>

radial and hoop components

Tr = J−1Sr αr λr (1)

Th =J−1Sh αh λh (2)
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Fung strain energy

ϕ̃(λ) = (c/δ) exp
(
(Γ/2) (λ2 − 1)2

)
,

c = 0.88 N/m, Γ = 12.99
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Constitutive recipes for the outer accretive couple

Ao
r = J (Gr (Th − T�)− Tr + ϕ̃ ) ,

Ao
h = J (Gh (T� − Th)− Th + ϕ̃ ) ,

control gains
Gr,Gh

Evolution laws

α̇r/αr = (Gr/Dr) (Th − T�) ,

α̇h/αh = (Gh/Dh) (T� − Th) .
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