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Aneurysms
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Histology of saccular aneurysms

Intracranial saccular aneurysms are dilatations of the arterial wall.

The Arterial Circle of Willis

Inferior view of the brain

Arteries of the Circle of Willis*

1. Antetior communicating”
2. Anterior cerebral”

3 Carotd

4. Posterior commurnicating’
5, Posterlor cerebral®

6. Basilar

7. Vertebral
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Histology of saccular aneurysms
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[J.D. Humphrey, Cardiovascular Solid Mechanics, 2001]
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Histology of saccular aneurysms

Clinical presentation

Multiple Single With SAH Total
Time scale of development (148 aneurysms) (232 aneurysms) (30 aneurysms) (380 aneurysms)
Mean follow up (months)
Days—Months Years Decades 133 11.8 142 13.8
alp
Type | g
sl

el g . M i 3(2.0%) 1 (D4%) 4(1.0%)
wl g a8 8 . 9 (6.1%) 9(3.9%) 4033%)  18(47%)
Twed G B B B A 136 (91.9%) 222 (95.7%) 26(86.7%) 338 (94.2%)

[M. Yonekura, Neurologia medico-chirurgica, 2004]
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A mechanical model
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A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Growth mechanics

Growth as change in the zero-stress reference state.
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A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Growth mechanics

Growth as change in the zero-stress reference state.

P \=,
w
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A mechanical model of saccular aneurysms

Growth mechanics

Growth as change in the zero-stress reference state.

p: gross placement

Vp : gradient of the gross placement

V. Sansalone Growth and remodelling of soft biological tissues



inematics

A mechanical model of saccular aneurysms

nsti e es
Multiple remodelling mechanisms

Growth mechanics

Growth as change in the zero-stress reference state.

p: gross placement
Vp : gradient of the gross placement
P : prototype

refined motion

(p,P):D x T — EX(VERVE)
(x,7) — (p(x,7),P(x,7))

(D: reference shape, .7: time line)
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inematics

A mechanical model of saccular aneurysms

nsti e es
Multiple remodelling mechanisms

Growth mechanics

Growth as change in the zero-stress reference state.

p: gross placement
Vp : gradient of the gross placement
P : prototype

F:  warp (Kréner-Lee decomposition)

refined motion

(p,P):D x T — EX(VERVE)
(x,7) — (p(x,7),P(x,7))

(D: reference shape, .7: time line)
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A mechanical model of saccular aneurysms

Constitutive issues
Multiple remodelling mechanisms

Saccular aneurysms

paragon shape D of the vessel

B(Xo, &4) — Blxo, 62)
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A mechanical model of saccular aneurysms

Saccular aneurysms

ons e issues
Multiple remodelling mechanisms

paragon shape D of the vessel

B(Xo, &4) — Blxo, 62)

V. Sansalone

spherical coordinates

o~

JORIGR=E)
spherically symmetric vector fields

v(x) = v(§) er(9, 9)
spherically symmetric tensor fields
L(x) = Le(&) Pr(9, ) + Ln(€) Pa(, ¢)
orthogonal projectors

P=e ®e
Phi=1-PR
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& kinematics
balance
sues
Multiple remodelling mechanisms

A mechanical model of saccular aneurysms

Geometry & kinematics

gross placement

p=X +pe
p,Vp
gradient of the gross placement /N

Vp=p P+ 2P, a
3 F
prototype \

P
\
P =a, P + o, Py ‘ l
warp kJ

F:= (Vp)P 1= \P + APy
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Geometry & kinematics

. lance
A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Refined motion

Refined motion: (p,P)
Refined velocity: (p,PP~1)

l:) = per
PPl = &rp 4 Zhp,
(07 (7%
Test velocity: (v,V)
vV =ve

\% :VrPr+VhPh

(gross velocity and growth velocity)
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Geol nematics

Working & balance

Constitutive issues

Multiple remodelling mechanisms

A mechanical model of saccular aneurysms

Working

The basic balance structure of a mechanical theory is encoded in
the way in which forces expend working on a general test velocity.

/D(Ai-V—SVv) +/®A°.v —i—/aDta,D-V
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A mechanical model of saccular aneurysms P
7 e issues
Multiple remodelling mechanisms

Balance laws

2(Se(&) = Sn(€)) +£81(¢) = O
A(6)—ANE) =0 (—< <€)
AL(€)—A%(6) = 0

FS5r(&5) = t=

V. Sansalone Growth and remodelling of soft biological tissues



A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Energetics

w(y):/yw, J:= det(P) = oy a2 > 0

1) free energy per unit prototypal volume
J 9 free energy per unit paragon volume

(H1): the value of the free energy ¥(x) i
@ #/
depends solely on the value of O ]
the warp F(x) ;
P

\
- =)
$(x) = 6 (AlE), M(€)i€)
L
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A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Characterising the passive mechanical response

(H2): incompressible elasticity
detF =X\ M2 =1 <= )\ =1/)\2.
G X ¢(1/X2N)
Fung strain energy density
$(N) = (c/6) exp((T/2) (N — 1)?)

[J.D.Humphrey, Cardiovascular Solid Mechanics, 2001]
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Geom . k

Working & balance

Constitutive issues

Multiple remodelling mechanisms

A mechanical model of saccular aneurysms

Dissipation principle

S-Vp—A-PPt—(Jg) >0
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A mechanical model of saccular aneurysms
Y Constitutive issues

Multiple remodelling mechanisms

Dissipation principle

S-Vp—A-PPt—(Jg) >0

4

PT —
S dF

P (Ai—FTSUDT+J$|> PP1>0
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A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Dissipation principle

S-Vp—A-PPt—(Jg) >0

(SPT—JCM’)F— (Ai—FTsuDTJrJ&?l) PP t>0

dF
consistency
e :
S:Jj—?ﬂj_TJré, A=F"SP" +Jpl+A

reduced dissipation inequality
+ . o
SPT-F—A.PP1>0



A mechanical model of saccular aneurysms

Multiple remodelling mechanisms

Dissipation principle

S-Vp—A-PP 1= (Jp) >0

(SIPT—ICM)> (Ai—FTsnDTqLJ&l).[PP*lzo

dF
consistency
do i_ pTapl o Ai
S = ]dFIP +S AN=F SP +Jpl+

reduced dissipation inequality
+ . o
SPT-F—A.PP1>0



;i lance
A mechanical model of saccular aneurysms

Constitutive issues
Multiple remodelling mechanisms

+ 3 o

SPT-F—A.PP >0
In this framework, in a homeostatic state (P = 1), no dissipation is
associated with the remodelling.
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Geor

. Workin
A mechanical model of saccular aneurysms

Constitutive issues
Multiple remodelling mechanisms

+ 3 o

SPT-F—A.PP >0
In this framework, in a homeostatic state (P = 1), no dissipation is
associated with the remodelling.

But...

Even if the relaxed configuration does not evolve, some energy may
be dissipated.

How to explain that?
How to deal with that?
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Geor

Workin

Constitutive issues

Multiple remodelling mechanisms

A mechanical model of saccular aneurysms

Multiple (competing) remodelling mechanisms

(s) slipping, (c) recovery, and (p) tissue apposition

P=P:PcPs
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A mechanical model of saccular aneurysms Constit -
Multiple remodelling mechanisms

Multiple (competing) remodelling mechanisms

(s) slipping, (c) recovery, and (p) tissue apposition
P =P.P.Ps
growth velocity
PP =P, P 4+ P P!+ PPt

test velocity
V=Vi+V+ VY

working
/(Ait-vt+Aic-vc+A;-vs—s-vV)
D
+/®(Ai-vt+zz\i-vc+zz\°s.vs) +/a®t8®~v
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A mechanical model of saccular aneurysms —

ues
Multiple remodelling mechanisms

Dissipation principle

S Vp— (A‘t-ubtnD;lJrAic-nbcn>g1+A;-n'>su>;1> —(Jp) >0

consistency

e g
S—JdF[P +9S

.
A, = (FTS[PT — Jd)l) YA, eesct)
reduced dissipation inequality
< . t, + . +t
SPT.F—A PP, —A PPl —A PP >0
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Ge

Working

Constitutive s

Multiple remodelling mechanisms

A mechanical model of saccular aneurysms

Characterising the remodelling forces

Inner Outer

remodelling L A A @, AL A control
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A mechanical model of saccular aneurysms - s C
Constitutive issues

Multiple remodelling mechanisms

Characterising the remodelling forces

Inner Outer
remodelling L A A @, AL A control

UDt)IPC7[PS

+ 4+

N
dissipation Y\ S A
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A mechanical model of saccular aneurysms

Characterising the remodelling mechanisms

(H32): We assume that only Py changes volume, while
neither Ps nor P, affects volume

J:= det(P) = det(P;), det(P.)=1, det(Ps)=1

(H3p): We assume that tissue apposition is only radial
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A mechanical model of saccular aneurysms —

ues
Multiple remodelling mechanisms

Characterising the remodelling mechanisms

(H32): We assume that only Py changes volume, while
neither Ps nor P, affects volume

J:= det(P) = det(P;), det(P.)=1, det(Ps)=1

(H3p): We assume that tissue apposition is only radial

Pe=alP + Py
Pc = afP +af Py, ac(af)? =

Ps = a; P + of Ph af(aﬁ)z =1
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G
Working

A mechanical model of saccular aneurysms 2
Multiple remodelling mechanisms

Characterising the dissipation

assume that dissipation is only due to remodelling

A= —JDtat/al P,
Ao = —J(Df &5 /af P, + D éf/af, Pn)

Ws = (D} &/a} P + D 63 /af, Ph)
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A mechanical model of saccular aneurysms 2 y
Con ve
Multiple remodelling mechanisms

Evolution equations

remodelling laws
Dt éy/af = (Tr — 6) + Q'
Day/ap = (Th — Ty) + Q°
D e /o = (Th — Tr) + Q°

2/)J = QP 2/ = QP+ Q5P 2/J = QP+ Qi Py
Q= Q! Q= (@ — Q) Q =(& — Q)
Dt := Df D := (2Df + Df) D* := (207 + Dy)

T,=J1S, v \r Th=J"Sh an An
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G
. Workir
A mechanical model of saccular aneurysms - ne -

Multiple remodelling mechanisms

Characterising controls

(H5s): slipping

QS
(H5¢): recovery

QC
(H5;): tissue apposition

Qt

b, Ty: “target” values.

V. Sansalone Growth and remodelling of soft biological tissues



A mechanical model of saccular aneurysms 2 p
Constitutive i 3

Multiple remodelling mechanisms

Slipping

null control on slipping mechanism

D*ap/ap = (Th —T)) + Q°

© passive slipping:
Q(t)=0,
ap/ap =1/D°(Ty — Ty).
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A mechanical model of saccular aneurysms .
Multiple remodelling mechanisms

Recovery

recovery tuned with respect to slipping

D¢ap/af = (Th — T)) + Q°

© sluggish recovery control—stationary control (g = 0):
Q(t) = Q°,
& /af, =1/DC (Th — Ty) + Q°/D;

@ prompt recovery control-recovery immediately compensates
slipping (g = 1):
DC
Qc() =~ (14 35 ) (T - T,
affap = —1/D° (T, — Ty).



A mechanical model of saccular aneurysms issues

Multiple remodelling mechanisms

Tissue apposition

radial apposition driven by hoop stress

Dtat/at = (T, — ¢) + Q

@ sluggish apposition control
Q(t) =0,
at/at = 1/DE(T, — ¢);

@ apposition control parameterised by G':

Q(t) = GY(Tn — Tj) — (Tr — 9),
&f/oy = GY/D* (Th — T7) .



A mechanical model of saccular aneurysms —

ues
Multiple remodelling mechanisms

Characterising controls

(H55): null control on slipping mechanism
Q=0

(H5¢): recovery tuned with respect to slipping

0 = - (14 31 ) (6(Ta = T + (1 - &) (T3~ T9)

(H5¢): radial apposition driven by hoop stress

Q' =GY(Th—TF) — (Tr — )

T, T7: “target” values.
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A mechanical model of saccular aneurysms es

Multiple remodelling mechanisms

Evolution equations

2(Sr(§) = Sn(8)) +&S:(€) =0
FSr(+) = t5

an/onh = (AT, — AT,)

0'4,/04, = —Qééh/(lh + v AT},

AT, =Ty — T

AT, =T, — T?
Ah:=(1/D 4+ 1/D%) (1 — g) e :=Gt/D*
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Part Il

Numerical simulations
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Natural histories
Numerical simulations Passive slipping, recovery, null tissue apposition
Passive slipping, slow recovery, tissue apposition

Simulated natural histories

@ Let us assume that an aneurysm, subjected to a constant
intramural pressure p®, has reached a spherical shape in a
homeostatic state with hoop and radial stress:

e T?.

r

Let Q° be the value of the control Q€ necessary to maintain
this homeostatic state:

C

D
QQZ: — <1+DS> ( ﬁ—Tf)
@ Thus, the intramural pressure experiences a short-time bump:
p(t) = p° +dp(t).
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Natural histories
Numerical simulations B e slipping, reco null tissue apposition
B e slipping, sl e ry, tissue apposition

Simulated natural histories

o Efficient vs. Inefficient recovery

@ Negligible vs. Non-negligible tissue apposition
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Natural histories
Numerical simulations Passive slipping, recovery, null tissue apposition
Passive slipping, slow recovery, tissue apposition

History f1: slow recovery, null apposition

@ QF is held fixed to the previous value for the rest of the time:
Q(t) = Q°,

simulating the inability of the recovery control to keep pace
with a sudden perturbation;

@ negligible tissue apposition:

Q' =—(T,—9).
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Natural histor
Numerical simulations Passive slipping, recovery, null tissue apposition

Passive slipping, slow recovery, tissue apposition

191 adus mean hoop sires| SLOW RECOVERY
14 ickness / hoop siess ()
13 /v—// hoop sress (ou)
1 ! [case-42-001]
L 08|
o J
09 o6 D¢/D?® 1000
08 0 D¢ 0.01
e o D® 1e-005
B R B a char time 10
SQ° ampl 0
¢ .
1ot e oS ) SQ° period 0
103 hoop acer. (out) PN ‘hoop stretch (out)
dp ampl 0.25
101 ol acr ()| - dp period 2
i
o | : Q° factor g 0
! 0s
y
ol A recovery control, held
4 os . N
095 § fixed to the previous
084 ¥ homeostatic value, is unable
053 .
oosiszsas 5 75 b @s B to keep the aneurysm in a
homeostatic state in
“ oG ) response to a perturbation
35 rec. contr. (out H
: e apposition of the intramural pressure.
25 control
: ull control
15
1 perturbation
ol slipping
o H
%0615 25 35 5 75 10 125 5 006152535 6 7 10 125 15
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Natural histories
Numerical simulations Passive slipping, recovery, null tissue apposition
Passive slipping, slow recovery, tissue apposition

History f2: fast recovery, null apposition

@ QF is set to a full recovery control:

0:() =~ (1+ 5, ) (To =T,

simulating the capability of the recovery control to
immediately keep pace with a sudden perturbation;

@ negligible tissue apposition:

Q' = (T, ~9).
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Natural histor
Numerical simulations Passive slipping, recovery, null tissue apposition

sive slipping, slow recovery, tissue apposition

9 adius mean hoop sires| FAST RECOVERY
14 ckness hoop siess ()
1 oop stess (o)
5 N N A S S —
1 ! [case-41-001]
“ 03]
0 o D¢/DS 1000
o8, 0 D¢ 0.01
o DS 1e-005
B R B a char time 10
SQ° ampl 0
wos | T 5Q° period 0
103 oop acer. (oug) | ‘hoop stretch (out)
dp ampl 0.25
1on ——— - dp period 2
1 Q° factor g 1
0s

After the end of a short
perturbation of the
intramural pressure, a full
recovery control drives the
aneurysm to a new

vec. cont. () homeostatic state, with a

35, rec. contr. (ou)| i

A B apposition higher hoop stress.

25 control

: ull control

15

1 perturbation
o slipping

° i H H
0500615 25 35 5 75 10 125 15 0061526356 & 75 10 128 15
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Natural histories
Numerical simulations Passive slipping, recovery, null tissue apposition
Passive slipping, slow recovery, tissue apposition

History #3: delayed recovery, null apposition

@ QF is increased to a fraction of the value of a full recovery
control:

C

Q= "~ (14 5 ) (T =)+ (T, - T2)

which is meant to simulate an impaired recovery control.

@ negligible tissue apposition:

Qt:_(Tr_¢)-
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Natural histor
Numerical simulations Passive slipping, recovery, null tissue apposition

Passive slipping, slow recovery, tissue apposition

s oo s IMPAIRED RECOVERY
14 ickness hoop siess ()
13 hoop svess ()
o~
1 ! [case-41-003]
“ 03]
i
09 o D¢/D?® 1000
08 04 D¢ 0.01
,,,,,,,,,,,,,,, o D® 1e-005
B R B a char time 10
SQ° ampl 0
pd .
100 e oop sa56h 7 SQ° period 0
103 hoop acer. (out) 2 ‘hoop stretch (out)
dp ampl 0.25
101 ol acr ()| - dp period 2
: Q° factor g 0.8
0s|
After the end of a short
03] .
perturbation of the
R intramural pressure, a
0%505 15 25 a5 5 75 10 125 15 00615 25 35 & 75 10 125 15 reCOVery Contr0| though
higher than the previous
B oo, () homeostatic value but lower
35! rec. contr. (out i
: B apposition than the optimal value_, )
cannot prevent the unlimited
25 control . .
increase of the radius.
: ull control
15
1 ==l perturbation
o3 slipping
o H H H
05506 15 25 35 5 75 10 125 I 006152535 6 75 10 125 15
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Natural histories
Numerical simulations Passive slipping, recovery, null tissue apposition
Passive slipping, slow recovery, tissue apposition

History f4: slow recovery, tissue apposition

@ QF is held fixed to the previous value for the rest of the time:
Q(t) = Q%;

@ radial tissue apposition goes into action through a
stress-driven control law:

Q' =G (Th—Tf) — (Tr— 9).
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Natural histor
Numerical simulations Passive slipping, recov null tissue appc

Passive slipping, slow recovery, tissue apposition

Tadi ean oo svess SLOW RECOVERY
14 thickness| hoop stress (in).
1 ” [E— STRONG APPOSITION
Lo E—— 1
1 o
1 [case-42-004]
o o
:: 77777777777777777777 o4 D¢/D* 1000
T 02 D¢ 0.01
L B e R D® 1e-005
char time 10
hoop accr. (in) hoop stretch (in) C
e —~——— |20 o ampl ;
radial accr. (in) bl radial stretch (in) Q perlo
e o) s o) 5 ampl 0.25
' dp period 2
09, Q° factor g 0
e GP 4000
07} DP 0.002
w B B ceEis 2535 5 Es75 b @5 B
After the end of a short
B e | [ - - - . _ perturbation of the
35 e cont | | | : : : : : intramural pressure, radial
apposition - - ;
2 re.cot o tissue apposition goes into
25 control action making the aneurysm
: full control thicken and driving it to a
e new homeostatic state at
1 perturbation .
the starting value of the
os|
) slipping hoop stress.
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Numerical simulations

Natural histor

Passive slipping, recov

null tissue appc

Passive slipping, slow recovery, tissue apposition

adius

iickness
b

2

%305 15 25 35

55 75

500615 25 35

5

65 75

Toop acer ()

2|
oop acer.(ou)

adial acr. ()

4]

radial aer. (ou)

tec. contr (n)
rec. contr ou)

rec. cont po.

06152535 5 6578 o s s

006152535 5 6578 o s B

008152535 5

V. Sansalone

mean fogp siress|
oop stess ()

oo stress (ou)

oop sttch ()
hoop swretch (ou)
il setch ()

radal srech (ou)

apposition
control

full control
perturbation

slipping

SLOW RECOVERY
WEAK APPOSITION

[case-42-005]

D¢/DS 1000
D¢ 0.01

D*® 1e-005
char time 10
8Q° ampl 0
5Q° period 0
dp ampl 0.25
dp period 2
Q° factor g 0
GP 1000

DP 0.002

After the end of a short
perturbation of the
intramural pressure, a radial
tissue apposition goes into
action making the aneurysm
thicken but failing to drive it
quickly to a new
homeostatic state.

nisms in saccula aneurysms



Summary

@ Growth of saccular aneurysms

o elastic deformation;
e change of relaxed configuration.

@ Multiple remodeling mechanisms
e slipping: only passive;
e recovery: slow/fast control;
e tissue apposition: hoop stress driven control.

@ Numerical evidence

e only recovery control is unable to keep the aneurysm in a
homeostatic state;
e control on tissue apposition plays a central role.
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Future work

@ Better characterization of material properties

e evolution of elastic stiffness;
e non uniform remodeling parameters.

@ Weaker assumptions on symmetry

@ Quantitative calibration and model validation
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