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Abstract

Our study focusses precisely on the two-way coupling between growth and stress, which we
model within the theoretical framework set forth in [1], [2]. In this dynamical theory, bulk
growth is governed by a novel balance law (the balance of remodelling couples). We develop
and implement a layered shell theory, in order to eschew unduly restrictive hypotheses on
growth distribution across the thickness.
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Chapter 1

Introduction

Soft shell-like structures are ubiquitous in living organisms, ranging from organelles and cell
membranes to lymph and blood vessels, the alimentary canal and respiratory ducts, the uri-
nary tract, and the uterus. The mechanical response of all of these structures—a key feature
of their physiological and pathological functioning—is subtle and elusive. Another critical
issue is their ability to grow and remodel, in a way which is both biochemically controlled
and strongly coupled with the prevailing mechanical conditions. While the characterization
of the mechanical response of soft tissue is progressing at a reasonably fast pace nowa-
days, we find that growth mechanics is definitely the weakest link in the modelling chain.
Our study focusses precisely on the two-way coupling between growth and stress, which we
model within the theoretical framework set forth in [1], [2]. In this dynamical theory, bulk
growth is governed by a novel balance law (the balance of remodelling couples). We develop
and implement a layered shell theory, in order to eschew unduly restrictive hypotheses on
growth distribution across the thickness. As a first application, we consider toy problems
inspired by the evolution of saccular aneurisms [3] and by the enlargement of the uterus
during pregnancy [3].



Chapter 2

Growing body (3D)

Following [!] and [2], we define a body as a smooth manifold B with boundary 0B and call
complete placement any smooth embedding

p:B—E& (2.1)

together with
P:TB —VE (2.2)

such that for any body point b € B, p(b) is a place in the three-dimensional Euclidean
space €. Here V€& is the translation vector space of €.

A complete motion is a family of complete placements smoothly parametrized by the
time line R. In such a motion the velocity is described by a base velocity

v]p = Plo (2.3)

and a remodelling velocity .
V| := PP, (2.4)

Denoting by a tilde any test velocity field (any field belonging to the corresponding space
of realizable velocities), we assume the total working be zero

/B(b-f7+[B-\~/)-l—/aBt-\N/—i-/B—(S.G+C.\~/+<S’V,\~,>) —0. (2.5)

Let us assume’

Different test velocity gradients give rise to different definitions of stress

/@<s,w>:/Ds-(VWb):/D(s-m)J (2.8)

1

1D is the image of B through a chart x, while b := xy ! . For these definitions and more take a look at

Appendix A.
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where J := det P and

Dv = Vv[,P|; ' = (Vv]y Vbl.) (Vb; ' P, ) (2.9)
We define the warp
Fly = Vply P|, ! (2.10)
The Cauchy stress T is defined by the following relation
J
S-D\?JJ:/ S-Dv :/ T -VivVp ! 2.11
/D( ) p(D) ( )detVP p(D) 2
Note that
T-ViVp '=T.-ViVbVp! (2.12)
and J | 1
. Dv =(5-VvP H—— =(5-V¥Vb(PVb) 1) —— 2.13
DY) e, = & VP g r — S VIVb (VD) ) o E (2.13)
Hence 1
TVp T =——_S(PVb) T 2.14
Vp e o (PVb) (2.14)
from which we arrive at the classical formula
1
T = FT 2.15
det F' S ( )

The stress S is a Piola-like stress tensor, like the stress S in (2.8). The two stress tensors
are related by

S.(V¥Vb) = (S-Dv)J (2.16)
Substituting (2.9) we get
S-(V¥Vb) = (S-D%)J =S - V¥ Vb(PVb)~1J (2.17)
Hence .
5=35S (PVb)T (2.18)

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]



Chapter 3

Spherical shapes of a thick

spherical shell (3D model)

3.1 Placements and gradients

Let us consider a family of placements defined by'

p(b) = p(a:) = pn(€7 0, ¢) =X+ p(f) ar(:‘i(&,a, ¢))7

with x = k(§,0,¢) and b = b(z). The gradient of p turns out to be such that

Vols16(b) = Vpls ag(x) = "(f) 20(2),

p(f) ag(z),

Vplpvr(b) = Vplz ar(z) = P%f) ar().

Vply76(b) = Vplz ag(z) =

By using the orthogonal projectors in VE

the gradient of p can be given the expression

VplsVbl, = Vpl, = ”?P(:c) L H(ON(a).

The relaxed stance, resembling Vp, will be given as
Pls Vble = an(§) P(z) + ar(§) N(x)

From the inverse

Vbl 1P|t =

'For definitions of b, p, px see appendix A.
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we can obtain the warp expression
Fly = (Vply Vbl2) (Vb[; 1 P, )
(S g i)
= (PP soN@ ) (g P+ g V@
_r&) p'(&)
“en® D ™
= (&) P(z) + Ar(§) N(x) (3.10)
e © ©)
_ P _ P
MO =g MY e &1
Hence
(Flo)TFly = An(€)? P(x) + A (€)* N(x). (3.12)
Let us consider in a complete motion the expression of the relaxed stance
P(1)|p Vb|e = an(&,7) P(x) + o (§,7) N(x) (3.13)
By differentiating with respect to time
P(T)lb Vblz = an (€, 7)P(x) + én(€, )N (2) (3.14)
we get the expression for the corresponding velocity field (2.4)
VIp = PPl " = (PsVblo) (Pl Vble) ™" = Bi(&, 7) P(x) + B,(€,7) N(x) (3.15)
i n(67) W (6.7)
ap(&T G
Br(&,T) = an ) Br(&,T) = o ET) (3.16)
By differentiating (3.7) with respect to time and using (2.3) we get
Vb = Vabl = Vbl = L pa) + (0N o) (317)
The gradient (2.9) has the following expression
Dv = (Vv|, Vb|,) (Vb|; ' P, 1) (3.18)
_ (P& y 1 1
- (Pro+dov) (Ligre + )
(S p'(E)
EECHRARG R
_ v v'(§)
“e© W ™
= (An 4+ MBr)P(@) + (A + A3 N () (3.19)
= (gh + Ahﬂh)P(x) + (gr + Arﬁr)N(SU) (320)

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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with
v(&,7) = p(&7) (3.21)
and
gn(&,7) = M(€7), (€)= M(E,7). (3.22)
Hence”

/ («: Y+ (S Dm) = / <2$h(§h + MBn)d + 50(Gr + M) + 205 By + €1 BT)
D D
= / (2wgh + 5,JGr + 2(ch + Apsnd) B + (e + /\TsTJJ)ﬂ~7«>
D
o i . N
= / (QAhShJJ =+ Aesped — + 2¢p Op + e ﬁr> (3.23)
D p p
where J = a,%ar.

3.2 Energetic response

We look at the power of the hyperelastic part of the stress, which we denote by € and S,
as the time derivative of a potential along any trajectory

/gjfp(F, P):/D(a:-w(s.mw) :/D@/J(F,IP) (3.24)

From (3.23) we get

w()‘fu )\7‘; Qp, ar) = 2§h\ﬂgh + ér\ﬂgr + 2(éh + Ahéh\ﬂ)ﬁh + (ér + )\TéT\J])/B’!’

= 28,0\ + 5. d\ + 26 + )\héhJ)ZZ + (& + AréT\ﬂ)i (3.25)
In order for a potential ¥ to exist, the following relations should hold
5, = ;gij—l (3.26)
8 = gij—l (3.27)
& = Ogbg(i — AnpJ (3.28)
& = argi — A\5.J (3.29)

Note how the last two conditions relate the stress C to the stress S. Now let us assume
that?

2
V(Ans Ars oy ar) = (A, Ar)d = ©(An, Ar)ag o (3.30)
2For safe transformations of the expression of the inner working we used a Mathematica Notebook

[math/stress-dec/decomp-13.nb]. One may look at [math/stress-dec/decomp-13.nb.pdf].
3This assumption deserves at least some motivation.

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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The previous expressions get the simpler form

. _ 10y
%= S n (3.31)
. Oy
& = o, (3.32)
&n = J(p — A\ndp) (3.33)
& = J(p — A, (3.34)
3.3 Dissipation inequality
w(F,P) = (F,P) + @ (3.35)
where
w(F,P):=C-V+(S-Dv)J (3.36)
_10p .
Sp = 587)% + 3, (337)
_ Oy +
= 5] (3.38)
cn = J(o — Apsp) +¢;f (3.39)
cr =J(p—N\sp) + ¢ (3.40)

3.4 Incompressibility and reactive stress

Biological materials are usually incompressible. From the incompressibility condition
det F =M\, =1 (3.41)
we get the following relations for any isochoric motion

1 Ar Ao g gn
M= —, L= _ofh I ok 3.42
TN N AT A A (3.42)
Because of the incompressibility the stress has a reactive part, which we denote by C and
S, whose working vanishes for any isochoric test velocity. From (3.23)

/ (af: V(5 D\?)JJ) - / (2@thh 8.0, + 2(En + Ménd)Bn + (& + )\rérJJ)Br>
D D

= / <2J(Ah§h - Arér)i—h +2(&n + Midrd) B + (& + )‘Tér\ﬂ)Br> =0
D h

(3.43)
Hence the reactive stress is characterized by
AnSh = A3, (3.44)
Ch = —Apdpd (3.45)
Cr = —A5pd =y, (3.46)

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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Note how the last two conditions relate the stress C to the stress S. This allows us to give
the reactive stress the general form

& = 7/ M (3.47)
& = 7t/ \r (3.48)
&n = —7J (3.49)
& = —#d (3.50)

where 7 is a pressure.

3.5 Energetic response for an incompressible material

The power of the hyperelastic part of the stress is the time derivative of a potential along a
trajectory in any isochoric motion. Let us consider the restriction of the energy to isochoric
motions

1
Yr(ns n, o) = (s 550, ) (3.51)
h

From (3.25) we get

V1 An; an, o) = 28,.dgn + 8,-Jgr + 2(En + ApdpJ) Bn + (€ + A8 J) 5
= 25,00 + 5 d ) + 2(En + Ahéhj)% 4@+ Arw)%
h

T

| T . .
= 28,00, — 28,02 + 2(ép + /\héh\ﬂ)% + (& + Arér\ﬂ)Z—
h

)\h r
=2J(M\p8p, — )\Tér)l +2(¢p + )\hﬁh\ﬂ)% + (& + )\rér\ﬂ)% (3.52)
An ap r
For the hyperelastic stress let us consider the decomposition
Andp = Ap8) + 7
P AR (3.53)
Arp = A8 + 7
where N g
7= M (3.54)
is the spherical part, while the deviatoric part have the property
20087 + N80 =0 (3.55)
It is convenient to define also
€ i=¢p +7J
R (3.56)
¢, =¢ +7J
By substituting decompositions (3.53) and (3.56) into (3.52) we get
D1 an, ) = 6J )\héz/\—h F2(69 4+ AEd) 4 (&0 — 2250 0) (3.57)
h Qp, T

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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In order for the potential ¢y to exist the following relations should hold

5, = égfiﬂl (3.58)
50 = —flgqﬁjl (3.59)
£ = O;h(;ii A& (3.60)
& = argif +2X,50J (3.61)

Note how the last two conditions relate the stress C to the stress S. Note also that the
spherical part 7 of the stress is not determined by ;. Now let us consider the restriction

1
P1(n) = (s 13) (3.62)
h
and assume that
Yi(Ans ans ar) = @1(An)d = pr(An)agon (3.63)
The previous expressions become
1 O¢r
§ = —-—— 3.64
)W (3.64)
/\% Ot
§ = 2= 3.65
&y = J(er — Ansh) 3.66
¢y = J(p1 +2087) (3.67)

3.6 Spherical and deviatoric stress (a summary)

As a consequence of the characterization of energy and stress for an incompressible material
it is useful to derive a new version of expression (3.23) in terms of spherical and deviatoric
parts of both stress and velocity gradient.

Whatever the stress be, hyperelastic or reactive, we can consider the decomposition

ARSh = Apsp, +

ArSp = A\pS + T (3.68)
where s - A,
M= (3.69)
is the spherical part, while the deviatoric part have the property
2Mpsp + Arsy =0 (3.70)
It is conveniet to define also the following decomposition for the remodelling stress
en = oh —7J (3.71)

cr=c¢p —7J

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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The same kind of decomposition can be conceived for the velocity gradients as well. Let us

define .
d:= =
3

2
R 3)

_ 2ﬁh + ﬁr

and consider the decompositions

3

gh = gp + And
gr:g$+)\rd

Br =0 +e

Br

=06 +e

By substituting (3.68), (3.70), (3.71), (3.74) and (3.75) into (3.23) we get*.

/@(q:-\ﬂ(s-mw)

(3.72)

(3.73)

(3.74)

(3.75)

/ 259 JG5 + 52JG° + 2(c + Mnso D) B0 + (€2 + M52 )32 + 30 d + (25, + ¢2) )

(
/ <6sthh +2(e) — € + 38 0) 30 + 3rd d + (265 + %) é)
(

/ 659 J(G5 4+ Mn2) + 2¢(E 4 B7) + c2(& — 235) + 31J d)

-/ (2<—p ) — (200
D p p

~1!

T+ 2pd &) B+ (pI + ) Br)

From the characterization of the stress, summarized at the end of sect. 3.5,

o w0 1Ogr

*h = T 5 AN,

o _zo_ MOp
K 3 O\
cp = €, = J(pr — Ansp)
¢, = € = J(p1 + 2\87)

Finally, the complete expressions for both reactive and hyperelastic stress are

/\

S) = 8 + 5y = —— + &9 —i—ﬁ T 10sn
S VD VD A W)
A o 7/1\- L0 T T )\%8%01
RN D P W W Y
An O
ch=bn e = —Ad+ &l — 7 = —1d+ I(or— Msl) = J (o — 2L
6 O\
Ap O
‘DT:@rﬂfr=—“+éﬁ—ﬂ=—w+J<m+2Ahéz>=J’<¢1+;afl‘”>
h

where the total spherical stress m := 7 + 7 is made of two undistinguishable parts.

“See [math/stress-dec/decomp-13.nb.pdf]

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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3.7 Cauchy stress

From (2.15), remembering that det F' = 1, we can easily compute the Cauchy stress com-
ponents

th = spAp (3.85)
tr = sp A ‘

3.8 Strain energy function for an incompressible material

Let us assume that the material is incompressible (det F' = 1) and consider the Fung strain
energy, as in ([3], p. 395, (8.4)),
or =c(e? —1) (3.86)
with
q= 015% + 62(55 + 2¢30109 (387)

where, denoting by A1 and Ay the principal stretches,

1 1
o= (A -1), 6= 3 (A3 —-1) (3.88)
are the eigenvalues of the Green-Lagrange tensor
LT
D=3 (F Fo I> (3.89)

Fung strain energy is defined per undeformed (relazed in this context) surface area and
it is deviced for a direct thin shell model (as remarked in [3]). For an isotropic shell its
expression turns into

1 r
q=2(c1 +c3)0f =20 62 =2T Z(/\% -1)%= §(A%L — 1) (3.90)
where I' = ¢; + ¢3. According to [7] and [6] the material parameter identification for
aneurysmal tissue was performed on experimental data (in [5]) by using the balance equation
R
Lel(N2 —1) = % (3.91)
where the right hand side expression is the Laplace formula for the stress in a spherical
membrane with radius R and inner pressure p. The best-fit values were ¢ = 0.88 N/m and
I' = (c1 + ¢3) = 12.99. The thickness of the sample was H = 27.8 x 1076 m.
To recover the response function for the Cauchy stress implicitly used on the left side
of (3.91), we first divide both terms by the actual thickness h
c pR
“Tel(N\2 —1) == .92
Crep -1 =1 (392)
so getting a balance equation for the mean Cauchy stress. Then observe that the derivative
of (3.86) with respect to A is
D

-t q 2 _
o 2cled N\ (A, — 1) (3.93)

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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Hence
1 Opr

2Aph Oy
By using explicitly the stretches A, and A, and the incompressibility condition we get at
last

F(\) = %Feq(/\% 1) = (3.94)

1 0 1 0 Ap O
&) = LA Pr_ 2h OPF (3.95)
2A\ph OA 206N H 0N, 2H O,
whose graph® is shown in Fig. 3.7.

It is interesting to note that by replacing (3.95) into (3.92) we get the balance equation

. PR

g(An) = o (3.96)
for a thin shell with thickness different from that of the sample used in the experiments.
This fact allows us to show how the stress depends on the undeformed (relaxzed in this
context) radius to thickness ratio, in order to guess the effect of growth on the stress. To
this end, denoting by R and h the relaxed values of radius and thickness, and by & their
ratio, we get

PR _ pMiR _ pA

2h ~ 2\h 5" (3.97)

The balance equation (3.96) becomes

An Opr :@k

o = 3 (3.98)

Fig. 3.8 shows how the pressure p is related, for a fixed value of k, to the stretch A\ through
(3.96), while Fig. 3.9 shows how, for a fixed value of p, the stress decreases for decreasing
values of k, so making it convenient for the thickness to grow.

Now come to the question about how the Fung strain energy can be related to the strain
energy in (3.62). From (3.85) the Cauchy stress is given through (3.64) by

B A Ovr
ty, =SpAp = 6 o, + (3.99)
Ap O
ty = s A, = — o OFL 1
s N + (3.100)

In order to reproduce the conditions of the experimental setup we may assume the radial
stress t, was linear in the shell thickness. As a consequence its mean value would be

t, = —= (3.101)

Substituting this value into the expression above and solving for = we get

An Op1 p
th=————= 102
T 0N 2 (3.102)
The balance equation
pR
t, = =— 3.103
=2 (3.103)

SFrom [math/Fung-Humphrey/Humphrey-09.nb] or [math/Fung-Humphrey/Humphrey-09.nb.pdf]

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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will transform, through (3.97) and (3.102), into

A Oor P o3
S o = Ok 1) (3.104)

Comparing this expression with (3.98) we get

8(,0[ . 8(,01:‘ l)\%k -1

_ 1
O, O H Ak (3.105)

As the ratio k in the experiments was of order 10? while )\, was near to 1, we may set

e1(An) == %SOF()\h) (3.106)

3.9 Modified Fung strain energy

All the information collected through experiments is confined to values A > 1, as they were
performed on a membrane in tension. An important issue is how to device extensions of
the Fung energy to values A < 1. Here are some proposals of ideal extensions, waiting for
experimental data.

The energy should be expected to rise to infinity for A, — 0, as it does for A\j, — oo. To
this end the strain energy function can be modified by multiplying the original expression
by (20 + Ar)/3

PP (An) = %c(eq - 1) (2Ah + Ali) (3.107)

A comparison® is showed in Fig. 3.1, Fig. 3.2 and Fig. 3.4, Fig. 3.5. A different way of
modifying the Fung strain energy is to set

q:=2T62 if A\, >1 (3.108)

q:=c1(6F + 02) 4 23610,  if Ay <1 (3.109)

The underlying idea is to exchange A, and Ay when A\, > 1. After substituting I for (¢;+c3),
as in the first case, we assume c3 = I'/3 in order to enforce continuity of the energy function
up to the second derivative, thus obtaining

. T\ —1)2(1+ 20 — A0 + %)

oY if Ay <1 (3.110)
h

Look at Fig. 3.3 and Fig. 3.6 for a comparison.” As an alternative we may set

q:=c10% + 2c30,0,  if A, <1 (3.111)

assuming here c3 = I'/4 to enforce continuity up to the second derivative, thus obtaining
r /i 3
=— (1) (2MN+-5-5 if A, < 1 3.112
! 16<A;§ )( CaY ) it A (3.112)

Graphs of energy and stress can hardly be distinguished from the previous ones.®

5From [math/Fung-tv/Fung-tv-14.nb], or [math/Fung-tv/Fung-tv-14.nb.pdf]
"From [math/Fung-adc/Fung-adc-06-v1.nb], or [math/Fung-adc/Fung-adc-06-v1.nb.pdf].
8Look at [math/Fung-adc/Fung-adc-06-v2.nb], or [math/Fung-adc/Fung-adc-06-v2.nb.pdf].

[Draft: A.T., February 4, 2006 — October 5, 2007 (17:15)]
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3.10 Pressure from inside or from outside

A pressure 7 which is a traction orthogonal to the body shape boundary p(9B) can be

defined by
/ t-\7:/ mn -V (3.113)
OB p(OB)

As p(b(z)) = p(z), by using the area transformation formula we get

/ / -V :/ mn-v det Vp||(Vp~Tm)|| (3.114)
p(693 p(9D) oD

where the unit external normal vector n on p(0D) and the unit external normal vector m
on 0D are related by

\v4 -T
n=——2 (3.115)
(Ve m)]|
By substituting this expression we obtain
/ 7T7’L-X~/':/ 7 (Vp~Tm)- ¥ det Vp (3.116)
p(0B) D

In the case at hand it turns out that

(Vp~Tm)-¥ det Vp = o (A\yap)? (3.117)

3.11 Local balance equations

If there is no bulk brute force distribution, the balance equations, as they arise from (2.5)
and (3.43), are’

Can( — 2005, + 2048, + (25,0, + aps;.)) =0 (3.118)
b, —

9g22h —Ch _ (3.119)
ap

£2M -0 (3.120)
(679

where by, and b, are the components of the external bulk remodelling couple. Arranging
terms in a different way and dropping factor £ the three balance equations turn into

041 S S

72J1— +20 ey T (3.121)
(o778 ah (078 Qyp

by, —c, =0 (3.122)

by — ¢ =0 (3.123)

Adding dissipative terms to expressions (3.83) and (3.84), as in Sec. 3.3, the inner remod-
elling couple is constitutively given by

cn = J(@ — \nsn) + c; (3.124)
=J(p— A\rsp) +f (3.125)

9See [math/stress-dec/decomp-13.nb] or [math/stress-dec/decomp-13.nb.pdf].
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For describing a growing spherical aneurysm the following constitutive prescriptions have
been deviced

of =, (3.126)
an

cf =0, (3.127)
(678

bn = gn (042 — dh) (3.128)

b, := —g, (L, — A\nsn) (3.129)

The first two expressions describe just a resistance to growth. The last two expressions
describe a control action on growth with two concurrent goals: the first one is to reach a
fixed value a7 of the average stretch &y, the second one is to reach a fixed value U} of the
Cauchy stress A\psp,.

Substituting all of these expressions into the balance equations we get

/ /
29 99 4y (2%&" + S) —0 (3.130)
o (07" ap O (678
ap, .
O = —JI(p — Ansn) + gn (o, — an) (3.131)
o, % = —J(p = Arsp) — gr (B, — Ansp) (3.132)

If the stress S is replaced by stress S through (2.18), the balance equation (3.130) will turn
into
— 25, + 25, + & =0 (3.133)

The boundary equations, at the outer side and at the inner side, are respectively

Pt tout — EourSr =0 (3.134)
Pin tin + iy 5p = 0 (3.135)
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Figure 3.7: Cauchy stress response given by Fung strain energy
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Figure 3.8: Inner pressure versus hoop stretch (k = 50,107, 152,200, 300, from left to right)

k

50 100 150 200 250 300

Figure 3.9: Cauchy stress versus relaxed radius to thickness ratio (inner pressure p = 10kPa)
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Chapter 4

Affine placements of a thin
spherical shell (3D model)

4.1 Placement

All the matter in this section is intented to be used to build up the shell model as a two-
dimensional continuum.

Thinking of a shell as a thin body we can consider the following affine approximation
for a generic placement [see appendix A]

p(b) = p(IL‘) = p(/@(ro,G, ¢)) + (5 - TO)VP‘H(TO,G,qﬁ)aT(K(rOv 0, ¢))7 (41)
with z = k(&,60,¢) and b= b(x). By defining
|(I<.7(7"O, 0, d))) = Vp‘n(m,@@)ar(ﬁ(rm 0, (b)) (4'2)

and setting ¢ := (£ — r,), we can rewrite the placement expression as

p(b) = p(k(&,0,9)) = p(k(ro,0,8)) + CI(k(ro, 0, 0)). (4.3)
Computing the gradient from this expression we get
Vplzar(z) = 1(k(r0,0,¢)), (4.4)
Vpleag(®) = Vplu(r,.0.0)20(5(8,0,0)) + ¢ Vi, 0,6)20(K(&, 0, 0)), (4.5)
Vpl2ag(2) = VP|s(ry.0.0)20(£(&, 8, 0)) + ¢ Vi, 0,0)20(K(E, 0, 0)). (4.6)

By introducing p and ! such that

p(b) = p(r(ro, 0, 9)), (4.7)
1(b) = 1(K(r0,0, 9)) (4.8)

expression (4.3) can be rewritten as

p(b) = p(b) + C(b). (4.9)
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Pulling back to B the gradient expressions (4.4), (4.5),(4.6), and dropping subscript b, we

get
Vpys =1,
Vpyr = (Vo +(Vi)m,
Vpy2 = (VD + (Vi) .
Let us define now P, and L, such that!

PO 71 = Vﬁ’Yl:
P, V2 = Vﬁ’m;
PO V3 = la
LO Y1 = Vi Y1,
Lo Yo = Vi Y2,
L,vs = 0.
The above definitions® can be summarized by the following shorthand
P,:=(Vp|l),
L, :=(VL]0).
The expression for Vp can now be given the form
Vp=F,+ (Lo
By defining®
P, := (P |0
Lo, :=(L]0)

we can give the relaxed stance P the same form as Vp
P=PFP,+ (L,

The warp
Fly := Vpl|y P| !

becomes, dropping again subscript b,
F = (Po+{Lo)(Po+ (L)~
Neglecting terms of order o(¢) we get the following expression
F=F,+(B,
with
F,:=P,p,!
B, = (L, — F,Lo)P,*

Here a clear definition of P~! and P, should be given!

(4.10)
(4.11)
(4.12)

(4.13)
(4.14)
(4.15)

(4.16)
(4.17)
(4.18)

(4.24)

(4.25)

(4.26)

(4.27)

'"Here subscript o stands for defined at & = 7, (the “middle surface”) while an overbar denotes the

restriction of p to the middle surface.
2Note that these definitions do not depend on time since vectors ; do not.

3Here overbars denote linear transformations from the two-dimensional vector space tangent to the middle

surface into VE.
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4.2 Velocity fields
Differentiating with respect to time from the definitions above we get
p=p+Cl (4.30)
Vp=P,+ (L, 4.31)
with
P,=(Vp|I) 4.32)
Lo = (Vi|0) 4.33)
We can also define
Vi=p 4.34)
wi=1 4.35)
and
vi=p=v+(w (4.36)
It easy to check the consistency of the definition above
Vv =(Vp|D)+C(VI]|0)=(V¥|w)+((Vw|0) =P, +(CL,=Vp (4.37)
As the derivative of the remodelling stance is
P="P,+CL, (4.38)
with
P, = (P | 0) 4.39)
L, =(L|0) (4.40)
the remodelling velocity, neglecting terms of order o(¢), turns out to be
V.= pp!
= (Po+ClLo)(Py ™! = CPy ' LoP, ) (4.41)
- |]'DolPoi1 + C (l]'—o - |]'DolPoill]—o)lPoi1
Hence
V=V,+ (W, (4.42)
with
V, := P,P, ! (4.43)
Wo := (Ly — Volo)P, ! 44)
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Chapter 5

Growing shells (2D model)

Warning: this section has only been roughly shaped (rephrasing sect. /) and has some in-
consinstencies! It is still not clear whether B should be a simple 2D-manifold or a fiber
bundle. The main point is how to make P invertible. Another point is whether the shear
strain ¢s hidden somewhere or not.

5.1 Placements

We define a shell as a smooth manifold B (fiber boundle with one-dimensional fiber) with
boundary 9B and call complete placement any smooth embedding

(B, 1,P,I,L): B — & x VE x (VE®VE) x VE x (VE® VE) (5.1)

such that for any body point (b, ) € B, p(b) is a place in the three-dimensional Euclidean
space &, [(b) is a vector in the translation space VE at p(b) € &, the image of p is a
two-dimensional manifold §.

A complete motion is a family of complete placements smootly parametrized by the
time line R. We call base velocity

Vb := Dl (5.2)
wlp = 1p (5.3)
Extended gradients
P:=(Vpll), (5.4)
L:=(VL1]0), (5.5)
which stand for P and L such that, at any point (b, v),
Ploy1(b) = Vply71(b), (5.6)
Ply72(b) = Vbl 72(b), .
Ly 71(b) = Vi[p 11(b), (5.9)
Ly 72(b) = V[ 72(b), (5.10)
Lj,v =0. (5.11)
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Extended remodeling couples

P:=(P|1), 5.12
L:=(L]0) 5.13

Remodelling velocity
V| := PlyP|, (5.14)
Wl := L[pP;* (5.15)
(5.16)

Warp

Fly:= PP, ", (5.17)
Bly = (L|p — FlpL|y) P, . (5.18)

5.2 Balance

Denoting by a tilde any test velocity field, belonging to the corresponding space of realizable
velocities, we assume the total working be zero

/(b-€7+[B-\7+1T-W>+/ t-x?—i—/—(s-€7+C-\~/+S-V€7+M-V€v):0. (5.19)
B 0B B
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Chapter 6

Axially symmetric spherical shell
(2D model)
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Chapter 7

Multilayered shells

(pl,ll):‘B—>8 x VE
(p2,l2):‘B—>8 x VE
(pg,l3>13—>8 x VE
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Appendix A

Backstage

We describe here all the geometric machinery which makes it possible to perform computa-
tions on scalar expressions by means of coordinate systems, parametrizations, vector bases.
All this matter, usually left backstage, deserves nevertheless a clear definition.

A.1 Body chart

Denoting by € the standard Euclidean space, let us assume that a chart (or an atlas))
xX:B—E (A.1)
is given together with a parametrization (or a family of local parametrizations)
k:X— D, X CR", (A.2)

where

D:=x(B)Cé& (A.3)

will be called the dummy shape, or simply dummy. These maps induce two different
parametrizations of B

b:=x"':D— B, (A4)

b.:=x ok : K — B. (A.5)

They are both useful, even though the second one, giving rise to representations in R", will
be placed behind the first one giving rise to representations in &.

Through (A.4) and (A.5) any placement (2.1) can be given one of the following repre-
sentations

p:=pob:D— ¢, (A.6)
pr:=pob, : K — E. (A.7)

The vectors tangent to curves on B through b = b(z) are

~i(b) = Vbl a;(x) (A.8)

The gradient maps
Vp:TB — VE, (A.9)
Vp:TD — VE, (A.10)
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Figure A.1: The dummy shape D := x(B) C &

are related by
Vb:TD — TB, (A.11)

through the tangent vector transformations
Vplyyi(b) = VplpVbls ai(x) = Vpl. ai(z) (A.12)

at x = x(b). Hence
VP|bvb‘x - Vp’ac (A.l?))

Here VE is the translation vector space of &, while
TE=ExVE (A.14)
is the tanget bundle of €. Note that the fiber at the place z € € is

T,& = VE (A.15)

A.2 Parametrization of a sphere

Let us assume that D is a ball without an axis. A parametrization (A.2) suitable for our
purposes is defined, denoting by {e;, ez, e3} a basis in VE, through the expression

X(b) = Kk(&,0,0) =z, + E(cos @ cosBes + cos ¢ sinfe; + sinpey), (A.16)
with parameters ranging in the following intervals
ro—e<{ <1y +e,

—m <0 <, (A.17)
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€2

€1

€3

Figure A.2: Spherical coordinates in &

The points left out are those belonging to the diameter in the es direction.

tangent to coordinate curves on D through z = k(, 0, ¢) turn out to be

a,(x) = cos ¢ cosfhes + cos ¢ sinfe; + sin ey,

o5
w
—~

8
~—

1

ai(x) = ag(x) = &§(—cos ¢ sinfeg + cospcosfey),

az(z) = ag(x) = {(—sin¢ cosfes —sin¢g sinfe; + cos P ez),

with norms

lar ()] = 1,
lag(x)[| = & cos ¢,
lag ()] = &,

and
vol (a,(x), ag(x), ag(x)) = & cos ¢.

It will also be useful to derive the expression for the gradient of a,

1
Var|zag(x) = = ag(x),

3

Vaylsag(z) = éa(i,(x).

Note that parametrization (A.16) can be expressed as

X(b) = K(§,0,0) = K(10,0,0) + (§ —10)ar(k(ro, 0, ¢))
= ’5(97 ¢) + (5 - ro)ar(’_i(a (b))

with
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A.3 Integration

Integration on B is defined through the chart y. If « is a scalar field on B we assume

/93 a(b) = /@ a(b(z)) (A.26)

In turn, through the parametrization x and its Jacobian (A.20), the second integral can be
expressed as

/ a(b(x)) = / a(b(r (€., 6))) € cos
D K

L (fmoecnsa)aye

When « is independent of ¢ and 6 (i.e. « is a spherically symmetric field) and the parameter
intervals are those defined in (A.17), the integral becomes

ro+€
/ o =4m / o (€) €2 de (A.28)
D T

A.4 Parametrization of a spherical surface

Let us assume that D is a spherical surface without poles. The previous parametrization
can be adapted to this case by holding ¢ fixed in the following way

X(b) = R(0,0) = k(ro,0,0) = x5 + 1o(cos ¢ cosfes + cos ¢ sinfe; +singey),  (A.29)

with parameters ranging in the following intervals

The points left out are the two poles in the ey direction. The vectors tangent to coordinate
curves on D through = = K(6, ¢) turn out to be

ai(x) = ag(x) = ro(—cos¢ sinf ez + cospcosber), (A.32)
az(z) = ag(x) = 1o(—sin¢ cosf ez —sin¢g sinfe; + cos pey), (A.33)
with norms
llag(x)|| = ro cos ¢, (A.34)
lag ()| = 70, (A.35)
and
area (ag(z),ag(z)) = 72 cos ¢. (A.36)

In order to get a basis in VE we can add a third unit vector defined by

31($> X 32(1‘)

ar(z) = ag(z) := a1 ()] [|a2(z)||

(A.37)
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The gradient of a, is

Va,|zap(z) = Tloag(a:), (A.38)
Vay|sag(z) = :Oa(b(x). (A.39)
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Appendix B

Finite element implementation

We look at a finite element method as a direct method for finding solutions of problems
stated by a working balance principle. Test functions are endowed in the abstract model
definition, instead of arising from a variational principle or by a reformulation in weak form
of a problem initially stated in terms of partial differential equations.!

!To this respect even the choice of interpolating functions could be interpreted as pertaining to the
modeling and not simply a matter of approximation. From this point of view on should face the problem of
defining changes of observer and enforce invariance of the inner working.
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