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Abstract—A perturbation procedure for the buckling and postbuckling analysis of elastic struc-
tures is shown to be well suited to be implemented as an automatic symbolic manipulation
procedure. The postbuckling analysis of a circular arch is considered as an example, and the
asymptotic description of the bifurcated equilibrium path is given. The main purposes of the
automatic procedure are to generate the representation of the Fréchet operator for the strain
field and to perform integration by parts. This allows the manipulation of correct expressions
of the basic relationships, as the strain-displacement one, without introducing any simplifying
assumption or restriction. The perturbation equations are automatically generated and a solution
procedure leads to parametric expressions for the coefficients of the asymptotic expansion of
the bifurcated path. The symbolic manipulation system used is REDUCE.

1. INTRODUCTION

The asymptotic buckling and post-buckling analysis
of elastic structures is a well established procedure
[1]. It rests upon the perturbation analysis of three
groups of differential equations: equilibrium, com-
patibility and constitutive equations [2]. Carrying
out the analysis keeping these groups separate from
each other has proved to be useful not only for the
sake of clarity but also for imposing undeformabil-
ity constraints or introducing nonlinear constitutive
equations.

The starting point for a bifurcation analysis is a
“‘fundamental’’ equilibrium path along which one
is interested in looking for bifurcating paths. Un-
fortunately, even if the fundamental path is very
simple, the representation of the Fréchet deriva-
tives of the strain field along it involves manipu-
lations of expressions which take a lot of time and
hard work to be performed. When the first-order
equations have been derived, even more work is
needed, in the substitution of the compatibility and
constitutive relations into the equilibrium equa-
tions, and so on. As a result, one has to check
expressions again and again and is never sure about
them.

A symbolic automatic manipulation allows to
encompass these problems making it possible to
derive error free expressions by defining simple
procedures.

The objective of this work is to check the use-
fulness of the automatic symbolic manipulation in
the asymptotic bifurcation analysis of elastic
beams. In particular we will show an application of
the algebraic manipulation system REDUCE [3, 4]
to the: (a) generation of formal perturbation equa-

tions up to the desired order; (b) construction of a
procedure, essentially interactive, which is a help-
ful tool in problem solving.

A specific problem will be considered in order to
give an example of how the introduced procedures
can be used. Due to the fact that for this problem
it is possible to construct an exact solution to the
perturbation equations, we will follow this way. It
should be stressed, however, that the procedures
used retain a more general value also in view of a
numerical approach, which will not be pursued
here.

A first assessment of the use of the Algebraic
Manipulation Systems in structural mechanics can
be found in [5], while an application to the solution
of perturbation problems has recently been re-
ported in [6].

2. ASYMPTOTIC BIFURCATION ANALYSIS

Let us consider a hyperelastic system acted upon
by external conservative loads and let
(u, €; N) := P(e) — p(\) f(w) 1)

be the total potential energy function. Further let

e(u),
s(e) := ®'(¢), 2

€

g

be the strain and stress field, respectively. The
equilibrium equation is obtained by imposing (1) to
be stationary, and reads

D'(e) e’ (W) du — p(\) f'(w) du = 0 3)
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or equivalently

oe'(u) du — p(N)f'(u) du = 0,
s(e),
eu), 4

I

g

€

where a prime denotes differentiation of each func-
tion with respect to its own argument.

Two regular branches are supposed to be solu-
tions of eqns (4). We assume the first to be known
in the form

u=uN),
e =),
o = d’(n), )

and we are looking for a second one

u = ut) = LIND] + 1),
e = () = N + Y1),
o = ab(t) = o' INMD)] + (1), 6

which is supposed to bifurcate from the first one at
a point label led by ¢ = 0.

For an introduction to these concepts and further
details on the methods and notations used, the
reader is referred to the essay of Budiansky [4].
Here we intend to point out that the aim of the per-
turbation method is to derive asymptotic expres-
sions for the unknown ‘‘bifurcated” equilibrium
path by using eqns (4) and (6). Perturbation equa-
tions up to the third order are written as follows

oe"du + te'du — pf'idu = 0,
t =54,

vy =e'v, 7N

(oe"v + 7e’ — pf'i)ou
= —(2NGe"ir + 2Nte" [ + 27" + 2hoe" i
+ ge"i? = QNP ~ 2NpfTan — pf"itYou,
=89 4+ 208"y + 8"YE, (8)
Y = et + 2\e"hi + e"1?,
(ge"t + Te' — pf'i)du
= —(\3Ge"D + 3NGe"D + 3"t + 3Nie'd
+ 3NGe" 1 + 6A G + 3Tt
+ 6ATE"AY + 3N e n? + 3NGe'v + 3te" U
+ 3\*te"ii + 3Nte"n + 3N oe" ity
+ 3hoe" i + o™i + 3Nge"ii
+ 3\%ce"ii + 3hoe"it + 3oe i
— 3N f"0 — 6Np D — INPSD
— 3NpF"YE = 3NBF"D ~ 3N pfTiath
= 3apfai® — pf"i* — 3\pfrab
— 3N2pf"Gv — 3Npfrav — 3pfrii)du = 0,
(9)

N. Rizzi and A. TATONE

T o= 5§ + 3NA"EY + 3hs"ey? + 57 + 3Ny
+ 3A2"&y + 3Ns"ey + 35”44
N = €' + 3N2"a + 3he"ai? + i

+ 3Xe"GD + 3Nedn + 3Ne'di + 3e'in,

where " denotes differentiation with respect to A and
a superposed dot differentiation with respect to ¢.
From eqns (8), by imposing Fredholm compatibility
condition, we obtain the equation which determines
the value of A

s"Y? + 31" + ge”i® — pfUi? + 2M(s"eY?
+ 2te"h40 + &'V + oeai? — pfrid

- pf"a*) = 0. (10)

Again, the Fredholm compatibility condition for
eqns (9) gives the value of A through the equation
e 4 ne 2 aonr2 = m23 N
"y + 387y + 3re"v° + 4re"iC + 67D
pf/m_bll - 3pfwi}2i-j
+ 3N(s"eY? + s"eyy + te"ay + Fe"fv + Ge"i?

+ oe"v* + 30" —

"o

+ 3te"4i? + &e'vi + oehv® + oe"qivy
_ p/«fmv':) _ pAfIIUU _ pfrmﬁ_(‘j3 _ pfmﬁvv)

+ 3NH(s"E? + s"&Y? + 2ie"a® + Ge'i?
+ 26" 4i? + 2te"di + oe" iV} + e i
— Bf'V* ~ 2pf"4i? — pfAV — pfii’)
+ 3N("EY? + Ge'? + 2t + oe"iit — pf'iP
- pfrai?) = 0.
an

3. BEAM MODEL (1-D POLAR CONTINUUM
IN 2-D)

In this section we briefly outline the continuum
beam model which will be used in the sequel. In
Fig. 1 the beam @ is depicted in its reference shape
k(R) and in the generic one x(M), together with
the set of directors, B;and b; (i = 1, 2), respectively.
Here the prime denotes differentiation with respect
to the reference abscissa s.

Let the displacement vector u and the rotation ten-
sor R be

u(s) := x(s) — X(s) = u(s)b; + v(s)by,

R(s) :  B;(s) = bi(s). 12)
B, B, b, o,
X(8) x(8)
KA 1(4)

Fig. 1. Reference and generic beam shape.
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Let the strain measures be defined as

x'(s) — R(s) X'(s) = eb; + vb,
$R'R) = ub;,

€(s) :
13)

n(s) :

X denoting the Gibbs cross and R’ the transpose
of R. The corresponding scalar compatibility rela-
tions read

u —(k+6)w+cose -1,
v + (k+ 0)u — sin @,
9.

m
Il

(14)

2
Il

Let n(s), m(s) denote internal force and couple vec-
tor fields. The components we will refer to are de-
fined by

n = Nb; + Tb,,

m= Mb3. (15)

4. AUTOMATIC GENERATION OF THE PERTURBATION
EQUATIONS FOR BEAMS

Let us examine now how to specialize the per-
turbation equations to the continuum beam model
introduced in the previous section, and how this
process can be performed automatically by some
algebraic manipulation procedures.

From now on the vectors u, €, o appearing in eqn
(2) will assume the form

u = [u(s), v(s), 6(s)],
e = [e(w), y(u), pw],
o = [N(s), T(s), M(s)].

(16)

It is necessary to point out that, at this step of the
analysis, the beam model just defined is essentially
‘‘kinematic”’ in the sense that nothing was said
about the constitutive relation (4),. Indeed, for the
sake of generality, it is convenient to look at the
constitutive relation as an element characterizing
each particular problem as are the load functions
p(A), f(u) and the known equilibrium path. Con-
sequently we do not specify any of them at this
stage. Hence we will consider neither the terms in
eqns (7)-(9) in which appears the external load, nor
the asymptotic expansion of eqn (4),.

For generating all the other terms in eqns (7)—(9)
a REDUCE program has been implemented. The
features of the main modules will be outlined here.

As it clearly appears looking at the asymptotic
equations (7)-(9), what is needed first are the Ga-
teaux differentials of functions (14) up to the fourth
order, calculated along four different directions u;,
Uz, U3z, Ug.

These are generated by the module GATEAUX,
which is listed in Appendix A together with its out-
put. This module is able to perform the differentia-
tion process up to a specified order.

CAS 21:4-F
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A little bit more sophisticated is the module that
accomplishes the generation of the differential equi-
librium equations starting from the terms.

oe” v du,

1e’ du, an
appearing in egn (7), and from the corresponding
ones at higher orders. We have to recall that terms
(17) stand for scalar products which represent vir-
tual works, that is

Te'du=(1,e (u)du) = J;%'i'(s)e’[u(s)] du(s)ds,
(18)

ge"idu = (o, " (1)0du)

= L o(s)e" [u(s)] (s) Buls) ds.

In order to obtain the asymptotic equilibrium equa-
tions, we have to construct the adjoints of the dif-
ferential operators

e’ (u); e"(uw)v. (19)
Such operators can be obtained, together with the
boundary conditions defining their domain, by per-
forming successive integrations by parts. This can
be done by using the module GREEN which is
listed in Appendix A. It essentially makes use of
the standard differentiation function DF, associated
with the statement COEFF in order to isolate the
coefficients of the derivatives of du.

Once the load function and the constitutive re-
lation have been specified, Gateaux differentiations
and integration by parts on the rest of the terms in
eqn (7) can be performed by modules which operate
exactly as the modules GATEAUX and GREEN
but on different expressions.

Before moving on to discuss how to solve a spe-
cific problem using the results of the previous steps,
it is important to stress the fundamental role played
by the output facilities of an algebraic manipulation
system.

In REDUCE, where the output is essentially one-
dimensional, the user has to face some difficulties
when the variables that he is dealing with are not
very few and their formal derivatives are to be gen-
erated. In fact, taking successive derivatives means
nothing but generating new symbols in a recursive
way, while for the sake of clarity these symbols
must retain information about their origin, in order
to be easily detectable as derivatives of the original
variables. Using the expression DF(F(x), x) for de-
noting derivatives, previously defining F as an op-
erator, is quite unsatisfacctory. In order to obtain
a representation for formal derivatives as short and
clear as possible, a different notation has been de-
viced. In this respect systems like SCRATCHPAD
or MACSYMA, containing two-dimensional output
facilities, should prove more suitable.
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5. A SOLUTION PROCEDURE

As an application of the general procedure for
curved beams, the bifurcation analysis of a circular
arch under hydrostatic pressure, shown in Fig. 2,
has been carried out.

The constitutive relations considered are the fol-
lowing

N = Ae,
T = Gy, (20)
M = By,
where A, G, B are constants.
The external force field is defined by
p(\) = X\,
f) = 'Lgp[% k +0") @ + )
—vcos® —usin® — u'vl]ds (21)

while the only nonvanishing function along the fun-
damental path is

APR?
= — 22
T 0WR + A) @2
It is possible now to complete the generation of
the perturbation equations.
Looking at eqn (7); the only term which has been
neglected is

pf" U du. (23)

This can be constructed by performing Gateaux dif-
ferentiations of f(u) as was done for e(u). The sub-
sequent integration by parts follows the same pro-
cedure used for the terms in (17). The eqn (7); is
trivially derived from (20) noting that s’ () is rep-
resented by a diagonal matrix whose entries are A,
G, B. The eqn (7); can be evaluated from the first
differential of e(x), obtained as output of GA-
TEAUX, by subsituting & for ;. Now, if eqns (7),,
(7)2, (73 reside simultaneously in a REDUCE en-
vironment, an automatic substitution is performed
leading to a homogeneous system of three ordinary
differential equations of the second order, with con-
stant coefficients, defining an eigenvalue problem.

A standard method for solving this kind of dif-
ferential equations, implemented as an automatic
procedure, has been used to compute the solution
given in Appendix B.

Fig. 2. Arch under hydrostatic pressure.
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The next step of the analysis is the calculation of
the expression for .. The module LAMBDADOT,
which is listed in Appendix C, performs the task of
constructing the expressions for the terms appear-
ing in the orthogonality condition (10). After that
each of them is to be integrated over the interval
[-L, L]. Such integration is automatically per-
formed by another module.

For the case we are dealing with A. turns out to
be zero.

The eqns (8) can then be obtained following the
same line as for eqns (7), now getting to a system
of ordinary linear differential equations with con-
stant coefficients which are not homogeneous. It
can easily be seen that the solution has the form

=i, +du, (24)
where & is the solution to the first-order equations,
d is an arbitrary coefficient and #, is any particular
solution. An expression for i, has been found by
checking some trial functions and we omit writing
it here for the sake of brevity.

Once such a solution has been found the last task
to be performed is the evaluation of A through eqn
(11), using the same technique as that used for eval-
uating A.. The REDUCE output for the numerator
and denominator or X, is given in Appendix D.

Thus as a final result we have obtained a general
parametric solution with no need to normalize the
first (eigenvector) and the second-order solution
vector, so retaining the possibility of dealing with
a wide class of cases simply performing numerical
substitutions. This is easily achieved by automati-
cally translating the symbolic expressions of the re-
sults into FORTRAN statements.

It is worth noting here that, in spite of the dif-
ficulties in dealing with a sophisticated beam model,
both the generation of the field equations and the
construction of the solution have been performed
using an algebraic manipulation system, thus avoid-
ing hand calculations that would have been un-
manageable.

6. PROGRAM STRUCTURE

As explained in the previous sections, the pro-
gram is made up of modules to be called and exe-
cuted in a REDUCE environment in a certain se-
quence. A called module interacts with the
environment in the sense that it can introduce new
identifiers, bind some others and so on.

For the sake of clarity each module contains not
only the formal description of the actions to be per-
formed, but also a documentation about the iden-
tifiers involved in the actions. To this end it has
proved useful to divide the identifiers into the fol-
lowing groups: (1) input identifiers are identifiers
the module needs in the sense that they must be
present in the environment when the module is
called; if operators they must be defined as well;
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(2) output identifiers are identifiers which are as-
signed some value by the module. They can be (a)
already present in the environment, then their value
is modified; (b) new identifiers, then they are not
only introduced but also assigned a value; (3) new
identifiers are identifiers introduced by the module
but not bound to any other identifier, nor assigned
a value; (4) local identifiers are dummy identifiers
which reside in the environment only for the time
the module is running. They are cleared after the
actions in which they are involved have been per-
formed.

7. CONCLUSIONS

In this paper the use of an algebraic manipulation
system in buckling problems for curved beams with
exact kinematics has been outlined. As an appli-
cation the bifurcation analysis for a circular arch
under hydrostatic pressure, up to the second order,
has been presented.

The use of an algebraic manipulation system has
given evidence of how even a cumbersome pro-
cedure, such as the bifurcation analysis carried out,
can be handled with a little effort while providing
reliable results.

It is worth noting that, although it has been pos-
sible in the above application to find a closed form
solution to the perturbation equations, this is not
the case in general. Then it would be necessary to
devise a procedure for finding an approximate so-
lution. To this end the described symbolic proce-
dures would play a relevant role, at least in deriving
the perturbation equations in the integral form, as
shown in the previous sections, Those equations
should in fact be the starting point for constructing
an approximate formulation. But a discussion on
such a subject is beyond the scope of this work.
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APPENDIX A

Modules for generating the perturbation equations

Identifiers defined as operators are used to allow a rep-
resentation for derivatives of functions. Recalling that in
REDUCE operators are represented through identifiers
with subscripts in parentheses, we use the following rule:
the first subscript (., ) is a number denoting the order of
differentiation with respect to the curvilinear abscissa; the
second subscript ( ,.), when a number, denotes generic
direction in the Gateaux differentials, different numbers
denoting different directions.

With reference to directions of particular interest, al-
fanumeric expressions will be used as subscripts. In par-
ticular

u(n, DOT) will stand for &,
u(n, CFX) will stand for 2,
u being a generic function identifier.

Only for EPS, GAM, MU, the second subscript, when
a number, denotes order of Gateaux differentiation.

1 X B NE R AR BE R B R R R R N N N R R IR I R R R R R B I R
2 * *
3 * Module GATEAUX *
4 * *
S * Computation of formal Gateaux derivatives of the strain measuraes. *
) * Components up to the order specified by "DifferrentiationOrder" *
7 * variable. »
] * *
% » »
10 * *
11 * Input identifiers 1 eps(0),gam(0),mu(0) *
12 * *
13 * Output identifiers : eps{0,i),gam(0,i),mu(0,i) *
14 * ir=i:DifferentiationOrder *
15 * *
16 # New identifiers : uimyil,vim,i),te(m,i) *
17 * "m" has the values already introduced in the *
18 * expressions for the strain measures components *
19 * ir=1:DifferentiationOrder »
20 * *
21 % Local identifiers : eps(0,0),9am(0,0),mu(0,0) a,b,c,] *
22 * *
23 LI B I R R N R R A A N N A A I RN A R T
24
25
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DifferentiationDrder:=4;

for {1=11DifferentiationOrder do
begin
for all m let df{uim),Qateaun)=uim,i),
df {vim} gateau)=vim,i),
df (tei{m) ,qateaux)=teim,ijy

for all m,n let df (utm,n) ,gateaux) =0,
df (vim,n) ,gateaux) =0,
df (te(m,n) ,gateaux)=0;

let eps(0,0)mepn(0);
lot gam(0,0)mgam(0)
let mu(O,0)=muO);

Jemi-1y

ay=df (mpw (0, §) ,gateaux)s
bre=df (gam{0, j) ;gateaux) s
credf {mu0, j),gateaux)$

wpu(0,i)i=a¥

gam(0,i)r=b¥

mu{O,i)r1=c¥
and}

Claar eps(0,0),9am(0,0) ,mul0,0)y
for all m clear df (uim) ,gateausx),
df {vim) ,gateaux),
d¥ (tei{m) ,gatmaux);

for all myn clear df{uim,n),gateaux),
df (vim,n) ,gateaux),
df (te(m,n) ,gateaux);

clear a,b,c3

AR BB BRI R I R A I I A e R E Y 1

A I N A I O A B R IR R B K K R N R R N N N B R R A B

Modulie GREEN

Evaluation of the following terms of the first order perturbation
relationships @

- equilibrium equations without terms involving external loads
~ kinematical relationshipa

£{.,VAR) denctes the “"variation" of §
(., ,D0T) denoteas the “dot” of

Input identifiers : eps(0,1),pam(0,1),mu(0,1),
aps(0,2) ,0am(0,2) ,mu(0,2)

Qutput identifiers : egzl,wqz2,eqz3,Boundarylerms

IR EEEEENENENEEENEENEJRSE]

New identifiers t n{.tynt.,DOT),gt.3,q¢(.,007},m(.2,m(. ,DOT}
u(.,DOT),v{.,DOT}),te(.,DOT}

Local identifiers 1t alfa,bwta,gamma (used in COEFF),
iard,j,a,b,c,expreasion,boundary

% ok k k ok k K ok k ¥ k % k ok X &K k£ K K kK X XKk

Wk k k kK ¥* %

E R K K K K R X N M OF N K K N N ¥ R X K OEEEE R EEREENEREN

operator n,q.m ¥

for all o let ulm,1)=ui{m,VAR) ,v(m,1)=v(m,VAR) ,t@(m,1)=te(m,VAR),
wuim,2)=uim,D0T) yvim,2)=v(m,DOT) t@(m,2)=tw(m,DOT) ¥

axprassiont= n(0)*eps(0,2)+q(0) #gam(0,2) +m(0) #mu(0,2)
+n (0, DOT) *aps(0,1) +q (0,DOT) #gam {0, 1) +m(0,DOT) #mu(0,1) #

% Initialization to O for identifiers used as accumulators E J

eqz 1 =eqz2) =eqz 31 =0¥
BaundaryTerms: =0



46
47
48
49
50
51
52
S3
sS4
55
Sé
57
58
59
&0
&1
b2
&3
64
&5
b6
&7
68
69
S
71
72
73
74
75
76
77
78
79
80
81
82
a3
84
=}
a6
az
88
a9
90
91
92
3
4
95
6
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
113
116
117
118
119
120
121
122
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for all k let
df (u(k) ,s)=ulk+1),
df (v(k),s)=vik+1),
df (te(k) ,s)=te(k+1),
df (n(k}),s)=n{k+1),
df (q(k} ,s)=qf{k+1),
df {m(k) ,s)=m(k+1),
df (u(k,DOT) ,8)=u(k+1,D0T),
df (v(k,DOT),s)=v{k+1,DOT),
df (te(k,DOT) ,s)=te(k+1,D0T),
df (n(k,DOT) ,8)=n(k+1,D0T),
df (q(k,DOT) ,s)mgq{k+1,DOT),
df (mtk,DOT) ,s)=m(k+1,DO0T) 3

% iord 1= differentiation order with respect to the abscissa

integer iord;
iord 1= O

while expression neq 0 do
begin
alfaOi=al fals=shetaOi=betati=gammnad: =gammal:=0$
coeff (expression,uliord,VAR) ,alfa)$
coeff(alfal,v(iord,VAR) ,bata)$
coeff (betal,te(iord,VAR) ,gamma)$

axpressioni=gammaly

as=df (alfal,s,iord);
bi=df (betal,s,iord);
ci=df (gammal,s,iord)}

eqris=eqzli+(—1)#niord*a;
eqz21=eqz2+(~1)#*iordeb;
8qz31=aqz 3+ (1) #xiordec)

boundary := for j:=l:iiord sum
(~1)#x(iord—1)xdf (alfal,s,i-1)*uliord-j,1)+
(-1)#x{iord-1)«df (betal,s,i-1)#viiord-j,1)+
(-1)#%({iord~1)»df (Qammal,s, j—1)*te(iord-j,1)$

BoundaryTerms: *=BoundaryTerms + boundary;
iordi=iord+i;

write "iord := ",iord
end$

for all k clear
df (utk),s) ,df(ulk,DOT),s),
df (vik),s) ,df(vi{k,DOT),s),
df (te(k),s) ,df{te(k,DOT),s),
df (n(k),%) ,df (n{k,DOT),s),
df (gik},s) ,df (q¢(k,DOT) ,m),
df (m(k),s) ,df(m(k,DOT),s);:

iord:=0;
clear a,b,c,boundary,expressions$

for all m clear u(m,1),vi(m,1),te(m,1),uim,2) ,vim,2),teim,2) ¢

oo % 4 % % E ¥ N D # % % % % 3% % % % % % % % 8 % % & %% % %SNS
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When eps(0, 0), gam(0, 0), mu(0, 0) are given the expressions (14) the module Gateaux produces the following differ-
entials:

EPS(0,1) 1mU(1,8) - VIO, 1I#TE(1) ~ V(0,1)#K - SIN(TE(O))*TE(O
s1) = TE(1,1)%V(0)

EPS(0,2) 1= — (V(0,1)#TE(1,2) + TE(0,1)#TE(0,2)*COB(TE(O)) +

TE(1,1)#%V(0,2))

EPS(0,3) t=SIN(TE (0) ) #TE(O, 1) *TE(0,2) #TE(0,3)

EPS(0,4) :=TE(0, 1) *TE (0,2) *COS (TE (0) ) #TE (0, 3) #TE (0, 4)

BAM(O, 1) 1mU(O, 1) *TE(L) + U(O,1)#K + V(1,1) + UOI*TE(1,1) —
FE(O,1) *COS(TE(0))

GAM(0,2) 1=U(0, 1) #TE(1,2) + U(0,2)*TE(1,1) + SIN(TE(O))*TE(O,
1) #TE(Q,2)

BAM(0,3) t=TE(0,1)#TE(0,2) *COB (TE(0) ) *TE(0,3)

GAM(0,4) 1= — SIN(TE(Q) ) #TE(O,1) *TE(0,2) *#TE(0,3) *TE(0,4)

MU(O,1)1=TE(1,1)

MUCO,2) 1=0
MUCO,3) 2 =0
ML (0,4) 1 =0

Once the required differentials of the expressions (14) have been derived the module Green produces the following
results:
EQZ1:=Q(0,DOT)*TE(1) + Q(0,DOTI*K + R(O)#TE(1,DOT) - N(1,DOT)
E@Z2:= -~ (N(O,DOT)*TE(1) + N(0,DOT)*K + @(1,DOT) + TE(1,DOT)
*N(0))
E@Z3:= - @(0,D0T)*COS(TE(0)) ~ B(0,DOT)*U(L) + V(1,DOT)*#N(O)
4+ N(1)#V(0,DOT) - U(1,DOT)*Q@(0) - @(1)*U(0,DOT) - N(O,
DOY) ¥SIN(TE(O)) + M(O,DOT)#V(1) — @(1,DOT)*U(0) + B(O)
*SIN(TE (0) ) #TE (0,DOT) - M(1,D0T) - TE(O,DOT)*COS(TE(O))
#N(O) + V(O)#N(1,DOT)
BOUNDARYTERMS: =6 (0, DOT) #U(0) #TE (O,VAR) + G(0,DOT)*#V(0,VAR)
+ N(O,DOT)*U(0O,VAR) - N(O,DOT)#V(0)*TE (0,VAR)
+ U(0,DOT)*@(0) *TE(O,VAR) - V(0,DOT)*TE(O,

VAR) #N(Q) + TE(0,VAR)*M(0,DOT)

APPENDIX B i = ay cos (hs)
Solution to the first-order perturbation equations U = —as sin (hs)
The bifurcation points along the fundamental solution 8 = a; cos (hs)
are defined by the values of A which are roots of the equa-
tion where a;, a,, a; stand for the following expressions:
{(G + 3ANR3B + [3(G + A)B + RPA*IN’R’A a; = R[-NR® — MRYG + 2A)
+ [(3G + A)B + R>G A\ R A + AR A(KPR*G — 2G - A) — G A?),

4 p4 3 2 2 — L2
+)\RB+GBA}/[()\R+A)RGBA]—h. hRZAZ()\R+G),

2
N
il

where the value of 4 is such that either cos (kL) = 0 or Ip3 2p2
sin (hL) = 0. If we consider the case AL = /2 the cor- » [NR® + MRUG + 24)
responding eigensolution to the first-order equations is — MR A(K’R*G - 2G - A) + GAX(1 — h*R?).

i



Symbolic manipulation in buckling and postbuckling analysis

APPENDIX C

Module for constructing the expression for Ae

QWMo U DN

PSS S S T L B T RN R R B R N B N N B R B B N N AN
* *
* Module LAMBDADOT »*
* *
# Evaluation of the terms appearing in the expression for lambdadot *
* and containing internal force and couple densities. *
# (Here hyperalastic constitutive relationships are assumed). *
* *
* *
* SigE3VD3 (numerator) *
* 3I*TauDE2VD2 (humerator) *
* §igE3UFVD2 {denominator) *
* 8igFE2VD2 {denominator) *
» 2#TauDE2UFVD {denominator) *
* *
* *
* *
*#Input identifiers : n(0),q(0),m(0), *
* n(0,CFX) ,t (0,CFX) ym(0,CFX), »
* n(0,DOT),qt¢0,D0T),m(0,DOT), *
* u(0,CFX),v(0,CFX),£(0,CFX), *
* u{0,Db0T) ,v(0,DOT) ,tw(0,DOT), *
* eps(0,2) ,gam(0,2) ,mu(0,2), *
* eps(0,3) ,0am(0,3) ,mu(0,3) *
* »
*Qutput identifiers : SigE3VvD3, TaubE2VD2, SigE3UFVD2, *
* 8igFE2vD2, TauDE2UFVD »*
* *
#New identifiers : none *
* *
#l.ocal identifiers : none *
* *
* *
#N.B. Being the output identifiers densities of scalar product,the *
* corresponding expressions have to be integrated *
* *
P R R T I N A S N N R N I B A N N A R K

for i:=1:33 do
begin
for all m let ulm,i)=df (u(0,DOT),s,m),
vimyi) =df (v(0,DOT),s,m),
te(m,i)=df (te(0,DOT),s,m
endj
SigE3VD3:=n (0) #aps (0, 3) +q (0) #gam (0, 3) +m (0) ¥mu (0,3} #
TauDE2VD2:=n (0,DOT) #eps (0,2) +q (0 ,DOT) #gam (0,2) +m (0, DOT) ¥mu (0, 2) €

8igFE2VD2:=n(0,CFX) *aps (0,2)+gq (O,CFX)+m(0,CFX) #

— Substitution pattern : fl.,1) == £(.,CFX) -
- fl.,3) ==> £(.,DOT) (i=2,3) -

for all m let ui(m,1i)=df (u(0,CFX),s,m),
vim,1)=df (v(0,CFX),s,m),
tei(m,1)=df (te(O,CFX) ,m,m)

SigEIUFYD2: =n (0) #eps(0,3) +q (0) #gam(0,3) +m(0) #*mu (0,3) ¥

TauDE2UFVD1=n (0,DOT) #eps (0,2) +q (0,DOT) #gam(0,2) +m(0,DOT) #mu(0,2) *

for all m,i clear u(m,i),vim,i),te(m,i) $

ok % K % K E KN FD R X RN R R R R R R KRR KRR R RN NN RS
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APPENDIX D

Expressions for numerator and denominator of \..

NUMp2: =3#ARR2HL % (221 HRDRATHAZHRHN2¥NH#2 + 2421 %d4%aZeR##2H
b+ 4ralwdi*aléRe*2xha*2 + Jxral#al3#x3xR + qralradxs2ra#R
*h - al#a3#di#R*h + al*a3Ikd2#R#ANZxh*%2 ~ 3xal*alxd2 - S«
al*a3HdI#Re%2Z2¥h*%2 — al*a3#d3 + 2#d4*aS*a2#%R + 4xd4xa22#x2
#R#h 4+ SHATHAGHRH%Z + LHHaZHRTHAZRRHN2%¥N -~ 2#aJHR2%d 1 #R¥ %2
*h o+ BraSER2%aDHHZHRENZ2HNERZ ~ THATH28d2¥R — aTJ#x2#d3I*R

1 aZadival - I#a3#a2nd2eR#h - Feal#alxd3I#R#*N) /7 (4RARRER2
+ 4xpORREXT) + IHARGHL®( — 4ralwx2xdidxReh - 4raixdixals
R¥#2%h A% B L #TDAHR2HRER2HN AR — 4B L HATHATHR - 4ralnalwnl
#al#R¥h + 3ealwxa3xdixReh + Ixalralnd2 + al#alsxd3 ~ daxalds
A2KR ~ 4RaJRHGHRMNZ ~ LHATHATHAZ2ARER24N + THaIN2nd i #R#R2
#h = 2%aTBRR2EQ2HRZ2URER26M %2 + THaSHx2xd2#R + aT#e2xdI*R

+ J#alSHdlnal2#Ree24h#%2 ~ a3ndisa + aS#a2#d2#R#h + IraZe
A2#dI*REN) / (ARARRKRZ + ARDONRRENT) + FTHA¥PORLE( — 2#al®s
2Rd4%R#*h + Zral#a2#aInR2RRAR2eh#R2 — 2#al#didHaSsRen2#h +
A%l #d4#a2#REX2xh*##2 + 2421 #aTHATJHREATAhE%2 + 2%a1#aTJH#3IH
R + 4#aixa3en2xa2#Reh + al»aS#d2xR#e2xhes2 - Ixalxa3sd2

S*al#aSedI4R*x2#h##2 ~ al*a3#d3 + 4edd*alSra2%#R*#3Jxhex2

+ IHd4#aINal2#R + L4G4HAZHAZRRRN + ZHATHAIRREND + L#aI#%3
*#aZKRAA2¥H + BRaTHAZHAZ2HR2HRERZ2XN¥RD + aAZHR2RG2HRHXT RN X2

- 3#aSxx2ad2#R - SHaS#u2#dIAR#AINAR2 - aT#2#dIHR + ald#
di®a2 ~ 4#alxal#d2xR#h - 12#a3#a2%d3#*R#h) / (4%AXR + 4%#pO*
Re%2) + IRGHpOMLH( — 4aalxs2xdqduRsh — Asalsdi#xaI#R#s28h

= 4#alnd4na®Rus2¥han2 — Axal#aZHaSHR - Anal#alSea2%a2%R*
h + 3%al#a3#disR#h + Ixal#alsd2 + alxad#d3 - disal#a2#*R

- 4xaSHKGRREXRDZ - SHaTJHAZIHal¥REA2%h + THaZar2adiwRE*2xh

- 22T HA2HZD2HR2HRAR2HN X2+ THATHA2#02XR + aTIHA2#dIRR +
JHalZnd i Ha2uRan24h#n2 ~ a3#di%a2 + aX#al#d2#R¥h + Ixalxalx
d3#R*N) / (4%ARR + 4xpONR##2) + TupONs2uRAL#( — 24214424
daxh - Zraixdixal#Reh - al*aZ##3 + al#alSxdish + d4xalra2

+ 2%d4#a2un2uh - aJSH#4RR + aZ#a2udisR#h — a3waled2#h - 3
*alSxa2ed3xh) / (4%A + 4%pOxR) H

DENp2: =I#AR%RIHLE( —~ al##2 — a1#aJ#R#AAI#h&x2 — 2xalna3sR - 2

*al%a2%¥R¥h — AJNAZRR¥AD ~ THaZHa2#R*N2%H — a24#2) / (ARRIHR
+ JZRARK2KDORRAXZ + IHAKPOFRZHRA#T + pO#uI#R##4) + 3I#A
*#a2#GkaI%L k(a1 + aJ#R + AZ#R#*h) / (AX%T + IHARR2#PORR + JHA#
PORXZARHXD + DORATARH#T) + IHARKZHPOALH( ~ Iwalwuw2 -
al*#aZ#R#RT N2 — Seal#aI#R ~ L*alnal¥R¥h — aS#x2xRA¥4xhH
#H2 ~ 2H#aTEAIRRERZ - LH#aTHaA2#R##2%h — I#aZew2)/ (AXRT + T#
A%X2XDORR + JTHAXPORKZAREXZ + DOXAZAR#XT) + InAXGHadH
PO*R*L*(al + a3*R + alZ#R#h)/ (A*%3 + IxA*X2#pO#*R + JI#A*p0
HAZ2HRERD + pORRIHRXXT) + IA#pO#A2AR#L#( — Inalun2 - Sx
al#*al*R — &Gxalxa2%Rah — 2#a3##2%R##2 - Sxaisal#Rex2xh - 3
#al2#%2) / (AXR3 + IHAXKZAPORR + IRAXKDORKZ2XREHZ + pDOX#I*R
#(3) + SRpOXXRIAR*#A2XL¥( — al*#2 — Z2xal#ad#R - 2
*alea2eReh — aS#E2%R#2 — 2#aTIHA2¥R#H24h — 22#4#2) / (A*X3

+ IxAXR2HDORR + IARPORRZHRAH¥2 + PORXIHRE%T) H

The symbol p0 stands for A, while # = w/2L. The symbols
ai, a2, as are constants appearing in the first-order solu-
tion, while d,, @z, di, ds4 are constants appearing in the
second-order solution. The expressions for them, as well
as the expression for A., are the intermediate results of
the symbolic procedure. It is convenient to think of them
as identifiers which take a numerical value, simply by eval-
uating the corresponding expressions.



