
neo-Hookean strain energy

mF@Λ_D := :8Λ, 0, 0<, :0,
1

Λ

, 0>, :0, 0,
1

Λ

>>

mC@Λ_D := Transpose@mF@ΛDD.mF@ΛD

I1@Λ_D := Tr@mC@ΛDD

I2@Λ_D :=
1

2
II1@ΛD2

- TrAmC@ΛD2EM

I1@Λ@tDD

2

Λ@tD
+ Λ@tD2

I2@Λ@tDD

1

2
-

2

Λ@tD2
- Λ@tD4

+
2

Λ@tD
+ Λ@tD2

2

j@Λ_D := c HI1@ΛD - 3L

j@Λ@tDD �� FullSimplify

c -3 +
2

Λ@tD
+ Λ@tD2

D@j@Λ@tDD, tD �� FullSimplify

2 c I-1 + Λ@tD3M Λ¢@tD

Λ@tD2

D@j@Λ@tDD, tD
Λ@tD

Λ'@tD
�� FullSimplify

2 c I-1 + Λ@tD3M

Λ@tD
Σ0@Λ1_D = % �. Λ@tD ® Λ1 �� Simplify

2 c I-1 + Λ13M

Λ1

Σ0@Λ@tDD

2 c I-1 + Λ@tD3M

Λ@tD

Uniaxial traction for a viscoelastic material

viscoEq = :Σ0@Λ@tDD +
3 Μ Λ¢@tD

Λ@tD
� p0>

:
2 c I-1 + Λ@tD3M

Λ@tD
+

3 Μ Λ¢@tD
Λ@tD

� p0>

viscoEq �. 9Λ ® IΛ0 + Β dΕ@ðD &M= �� FullSimplify

:
2 c I-1 + HΛ0 + Β dΕ@tDL3M + 3 Β Μ dΕ

¢@tD

Λ0 + Β dΕ@tD
� p0>



viscoEqΒ = SeriesAEvaluateAviscoEq �. 9Λ ® IΛ0 + Β dΕ@ðD &M=E, 8Β, 0, 1<E �� FullSimplify �� Normal

:
2 c I-1 + Λ03M

Λ0
+

Β I2 Ic + 2 c Λ03M dΕ@tD + 3 Λ0 Μ dΕ
¢@tDM

Λ02
� p0>

viscoEqΒ0 = viscoEqΒP1T �. Β ® 0

2 c I-1 + Λ03M

Λ0
� p0

p0StaSol = SolveAviscoEqΒ0, p0EP1T

:p0 ®

2 c I-1 + Λ03M

Λ0
>

viscoEqLin = 9a dΕ@tD + dΕ'@tD � 0, dΕ@0D � dΕ0=

9a dΕ@tD + dΕ
¢@tD � 0, dΕ@0D � dΕ0=

viscoEqLin = viscoEqΒ �. p0StaSol �. Β ® 1 �� FullSimplify

:
2 Ic + 2 c Λ03M dΕ@tD

Λ0
+ 3 Μ dΕ

¢@tD � 0>

dΕSol = DSolveAJoinAviscoEqLin, 9dΕ@0D � dΕ0=E, dΕ, tEP1T

:dΕ ® FunctionB8t<, dΕ0 ã
-

2 t Hc+2 c Λ03L
3 Λ0 Μ F>

Λ0Sol = AssumingAΛ0 > 0 && c > 0, SolveAviscoEqΒ0, Λ0E �� FullSimplifyE

::Λ0 ®

61�3 c p0 + 18 c3 + 324 c6 - 6 c3 p03
2�3

62�3 c 18 c3 + 324 c6 - 6 c3 p03
1�3

>,

:Λ0 ®

-H-6L1�3 c p0 + H-1L2�3 18 c3 + 324 c6 - 6 c3 p03
2�3

62�3 c 18 c3 + 324 c6 - 6 c3 p03
1�3

>,

:Λ0 ®

H-6L2�3 c p0 - H-6L1�3 18 c3 + 324 c6 - 6 c3 p03
2�3

6 c 18 c3 + 324 c6 - 6 c3 p03
1�3

>>

Λ0Sol1 = Λ0SolP1T

:Λ0 ®

61�3 c p0 + 18 c3 + 324 c6 - 6 c3 p03
2�3

62�3 c 18 c3 + 324 c6 - 6 c3 p03
1�3

>

Λ0f@p0_D = Λ0 �. Λ0Sol1 �� FullSimplify

61�3 c p0 + 18 c3 + 324 c6 - 6 c3 p03
2�3

62�3 c 18 c3 + 324 c6 - 6 c3 p03
1�3
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Block@8c = 1<, Plot@Λ0f@p0D, 8p0, -100, 100<DD

-100 -50 50 100

1

2

3

4

5

6

7

BlockA8c = 1<, ParametricPlotA8 Λ0f@p0D, p0<, 8p0, -100, 100<, PlotRange ® Automatic,

AspectRatio ® 1, GridLines ® 8880, 8Blue<<, 81, 8Blue<<<, None<, PlotStyle ® 8Blue<EE

1 2 3 4 5 6 7

-100

-50

50

100

viscoEqLin

:
2 Ic + 2 c Λ03M dΕ@tD

Λ0
+ 3 Μ dΕ

¢@tD � 0>

viscoEqLin1 = viscoEqLinP1T

2 Ic + 2 c Λ03M dΕ@tD

Λ0
+ 3 Μ dΕ

¢@tD � 0

BlockA8pc = 50<, viscoEqLin1E

2 Ic + 2 c Λ03M dΕ@tD

Λ0
+ 3 Μ dΕ

¢@tD � 0

dΕs = dΕ �. dΕSol

FunctionB8t<, dΕ0 ã
-

2 t Hc+2 c Λ03L
3 Λ0 Μ F
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BlockA9p0 = 15, c = 1, Μ = 10, Λ0 = Λ0f@p0D, tlim = 10, ΛN, dΕ0 = 0.2=,

PlotAdΕs@tD, 9t, 0, tlim=, PlotRange ® AllEE

2 4 6 8 10

0.05

0.10

0.15

0.20

BlockA9p0 = 15, c = 1, Μ = 10, Λ0 = Λ0f@p0D, tlim = 10, ΛN, dΕ0 = -0.2=,

PlotAdΕs@tD, 9t, 0, tlim=, PlotRange ® AllEE

2 4 6 8 10

-0.20

-0.15

-0.10

-0.05

BlockA9p0 = 15, c = 1, Μ = 1, Λ0 = Λ0f@p0D, tlim = 10, ΛN, dΕ0 = 0.2=,

PlotAdΕs@tD, 9t, 0, tlim=, PlotRange ® AllEE

1 2 3 4 5 6

0.05

0.10

0.15

0.20

viscoEqLin

:
2 Ic + 2 c Λ03M dΕ@tD

Λ0
+ 3 Μ dΕ

¢@tD � 0>

BlockA9p0 = 50, c = 1, Μ = 1, Λ0 = Λ0f@p0D, tlim = 10, dΕ0 = 0.2=, Λ0f@p0D �� FullSimplify �� NE

5.01988
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dΕs@tD

dΕ0 ã
-

2 t Hc+2 c Λ03L
3 Λ0 Μ

BlockA9p0 = 50, c = 1, Μ = 1, Λ0 = Λ0f@p0D, tlim = 10=, dΕs@tD �� Simplify �� N �� ChopE

2.71828-33.7317 t dΕ0

BlockA9p0 = 50, c = 1, Λ0 = Λ0f@p0D, dΕ0 = 0.2, Μ = 10=,

PlotAdΕs@tD, 8t, 0, 1<, PlotRange ® 90, 1.2 dΕ0=EE

0.2 0.4 0.6 0.8 1.0

0.05

0.10

0.15

0.20

BlockA9p0 = 50, c = 1, Λ0 = Λ0f@p0D, dΕ0 = -HΛ0 - 1L, Μ = 10, tlim = 10=,

PlotA9Λ0, Λ0 + dΕs@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EE

2 4 6 8 10

2

3

4

5

Block@8p0 = 5, c = 1<, Λ0f@p0D �� N �� ChopD

1.75233
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BlockA9p0 = 15, c = 1, Μ = 10, Λ0 = Λ0f@p0D, tlim = 10, ΛN=,

ΛN = Λ �. NDSolveAJoinAviscoEq, 8Λ@0D � 1<E, Λ, 9t, 0, tlim=EP1T;

PlotA8Λ0, ΛN@tD<, 9t, 0, tlim=, PlotRange ® All,

PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EE

2 4 6 8 10

1.5

2.0

2.5

BlockA9p0 = 15, c = 1, Μ = 10, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10=,

ΛN = Λ �. NDSolveAJoinAviscoEq, 8Λ@0D � 1<E, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕs@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

1.5

2.0

2.5

BlockA9p0 = 1, c = 1, Μ = 10, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10=,

ΛN = Λ �. NDSolveAJoinAviscoEq, 8Λ@0D � 1<E, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕs@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

1.05

1.10

1.15
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BlockA9p0 = 0.1, c = 1, Μ = 10, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10=,

ΛN = Λ �. NDSolveAJoinAviscoEq, 8Λ@0D � 1<E, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕs@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

1.005

1.010

1.015

BlockA9p0 = 0.1, c = 1, Μ = 1, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10=,

ΛN = Λ �. NDSolveAJoinAviscoEq, 8Λ@0D � 1<E, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕs@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

1.005

1.010

1.015

Oscillations for a viscoelastic material
oscEq =

:Σ0@Λ@tDD + 3 Μ
Λ¢@tD

Λ@tD
� p0 -

1

2
· 2 Λ@tD +

Α2

Λ@tD2
Λ

²@tD +
3

4
·

Α2

Λ@tD3
Λ

¢@tD2, Λ@0D � Λ0 + dΕ0, Λ
¢@0D � 0>

:
2 c I-1 + Λ@tD3M

Λ@tD
+

3 Μ Λ¢@tD
Λ@tD

� p0 +
3 Α2

· Λ¢@tD2

4 Λ@tD3
-

1

2
·

Α2

Λ@tD2
+ 2 Λ@tD Λ

¢¢@tD,

Λ@0D � dΕ0 + Λ0, Λ
¢@0D � 0>
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BlockA9p0 = 0.1, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10, Α = 0.1, · = 10�12=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<, 9t, 0, tlim=,

PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EEE

2 4 6 8 10

1.005

1.010

1.015

1.020

1.025

BlockA9p0 = 0.1, c = 5, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10, Α = 0.1, · = 20�12=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<, 9t, 0, tlim=,

PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EEE

2 4 6 8 10

1.001

1.002

1.003

1.004

1.005

1.006

BlockA9p0 = 0.1, c = 2, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10, Α = 0.1, · = 20�12=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<, 9t, 0, tlim=,

PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EEE

2 4 6 8 10

1.005

1.010

1.015
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BlockA9p0 = 10, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10, Α = 0.1, · = 20�12=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<, 9t, 0, tlim=,

PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EEE

2 4 6 8 10

1.5

2.0

2.5

3.0

3.5

4.0

BlockA9p0 = 1, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10, Α = 0.1, · = 20�12=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<, 9t, 0, tlim=,

PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EEE

2 4 6 8 10

1.05

1.10

1.15

1.20

1.25

1.30

BlockA9p0 = 0.2, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = H1 - Λ0L, ΛN, tlim = 10, Α = 0.1, · = 20�12=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<, 9t, 0, tlim=,

PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==EEE

2 4 6 8 10

1.01

1.02

1.03

1.04

1.05

1.06
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Small oscillations for a viscoelastic material
oscEq �. 9Λ ® IΛ0 + Β dΕ@ðD &M= �� FullSimplify

:
2 c I-1 + HΛ0 + Β dΕ@tDL3M + 3 Β Μ dΕ

¢@tD

Λ0 + Β dΕ@tD
�

p0 +
3 Α2 Β2

· dΕ
¢@tD2

4 HΛ0 + Β dΕ@tDL3
-

1

2
Β · 2 Λ0 + 2 Β dΕ@tD +

Α2

HΛ0 + Β dΕ@tDL2
dΕ

¢¢@tD, dΕ0 � Β dΕ@0D, Β dΕ
¢@0D � 0>

oscEqΒ = SeriesAEvaluateAoscEq �. 9Λ ® IΛ0 + Β dΕ@ðD &M=E, 8Β, 0, 1<E �� FullSimplify �� Normal

:-p0 +

2 c I-1 + Λ03M

Λ0
+

1

2 Λ02
Β I4 Ic + 2 c Λ03M dΕ@tD + 6 Λ0 Μ dΕ

¢@tD + IΑ
2

+ 2 Λ03M · dΕ
¢¢@tDM � 0,

Λ0 + Β dΕ@0D � dΕ0 + Λ0, Β dΕ
¢@0D � 0>

oscEqΒP1T �. Β ® 0

-p0 +

2 c I-1 + Λ03M

Λ0
� 0

p0StaSol

:p0 ®

2 c I-1 + Λ03M

Λ0
>

p0StaSol = Solve@oscEqΒP1T �. Β ® 0, p0DP1T

:p0 ®

2 c I-1 + Λ03M

Λ0
>

oscEqΒ �. p0StaSol �� Simplify

:
1

Λ0
Β I4 Ic + 2 c Λ03M dΕ@tD + 6 Λ0 Μ dΕ

¢@tD + IΑ
2

+ 2 Λ03M · dΕ
¢¢@tDM � 0, dΕ0 � Β dΕ@0D, Β dΕ

¢@0D � 0>

oscEqLin = oscEqΒ �. p0StaSol �. Β ® 1 �� FullSimplify

:
4 Ic + 2 c Λ03M dΕ@tD + 6 Λ0 Μ dΕ

¢@tD + IΑ2 + 2 Λ03M · dΕ
¢¢@tD

Λ0
� 0, dΕ0 � dΕ@0D, dΕ

¢@0D � 0>

BlockA9p0 = 0, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = 1.6 H1 - Λ0L, dΕNlin, tlim = 10, Α = 1, · = 24=, dΕ0E

0.

BlockA9p0 = 0, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10
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BlockA9p0 = 0, c = 1, Μ = 0, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.95

1.00

1.05

1.10

BlockA9p0 = 10, c = 1, Μ = 0, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

2.2

2.3

2.4

2.5

BlockA9p0 = 10, c = 1, Μ = 0.1, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

2.2

2.3

2.4

2.5
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BlockA9p0 = 10, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

1.10

1.15

1.20

1.25

BlockA9p0 = 10, c = 1, Μ = 1, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

2.2

2.3

2.4

2.5

BlockA9p0 = 10, c = 1, Μ = 1, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, ΛN, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 101.8

2.0

2.2

2.4

2.6

2.8

3.0
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BlockA9p0 = 10, c = 1, Μ = 8, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, ΛN, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

2.4

2.5

2.6

2.7

2.8

2.9

3.0

BlockA9p0 = 10, c = 1, Μ = 0, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10
1.6

1.8

2.0

2.2

2.4

2.6

2.8

3.0

BlockA9p0 = 10, c = 4, Μ = 0, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowAPlotA8Λ0, ΛN@tD<,

9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 9Red, Dashed, Thick==E,

PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

1.2

1.4

1.6

1.8
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Small oscillations for a viscoelastic material (critical viscosity value)
IoscEqLinP1, 1T - oscEqLinP1, 2TM Λ0 �� FullSimplify

4 Ic + 2 c Λ03M dΕ@tD + 6 Λ0 Μ dΕ
¢@tD + IΑ

2
+ 2 Λ03M · dΕ

¢¢@tD

oscEqLin1 = IoscEqLinP1, 1T - oscEqLinP1, 2TM
Λ0

IΑ2 + 2 Λ03M ·

�� FullSimplify

4 c dΕ@tD + 8 c Λ03 dΕ@tD + 6 Λ0 Μ dΕ
¢@tD

Α2
· + 2 Λ03

·

+ dΕ
¢¢@tD

oscEqLin1

dΕ0 ãt Κ

�. dΕ ® IdΕ0 Exp@ Κ ðD &M �� FullSimplify

Κ
2

+
4 c + 8 c Λ03 + 6 Κ Λ0 Μ

Α2
· + 2 Λ03

·

ΚSol = Solve@% � 0, ΚD �� FullSimplify

::Κ ® -

3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>,

:Κ ®

-3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>>

Κ �. ΚSolP1T �� FullSimplify

-

3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

Κ �. ΚSolP2T �� FullSimplify

-3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

Κdis = HΚ �. ΚSolP1TL - HΚ �. ΚSolP2TL �� FullSimplify

-

2 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

Κdis2 =
NumeratorAΚdisE

2

2

�� FullSimplify

9 Λ02
Μ

2
- 4 c I1 + 2 Λ03M IΑ

2
+ 2 Λ03M ·

Κdis2 �. Λ0 ® 1 �� Simplify

9 Μ
2

- 12 c I2 + Α
2M ·

SolveAΚdis2 � 0 �. Μ
2

® Μ2, Μ2EP1T

:Μ2 ®

4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

9 Λ02
>

Μ0 = Μ2 �. SolveAΚdis2 � 0 �. Μ
2

® Μ2, Μ2EP1T �� FullSimplify �� PowerExpand

2 c 1 + 2 Λ03 Α2 + 2 Λ03
·

3 Λ0
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dΕgSol = DSolveAoscEqLin1 � 0, dΕ, tE �� FullSimplify

::dΕ ® FunctionB8t<, ã

t -6 Λ0 Μ- 36 Λ02 Μ2-4 H4 c+8 c Λ03L HΑ2
·+2 Λ03

·L

2 HΑ2
·+2 Λ03

·L C@1D + ã

t -6 Λ0 Μ+ 36 Λ02 Μ2-4 H4 c+8 c Λ03L HΑ2
·+2 Λ03

·L

2 HΑ2
·+2 Λ03

·L C@2DF>>

ΚSol

::Κ ® -

3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>,

:Κ ®

-3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>>

Κ
2 �. ΚSol �. Μ ® Ν Μ0 �� FullSimplify �� PowerExpand �� FullSimplify

:
4 c I1 + 2 Λ03M Ν + -1 + Ν2

2

IΑ2 + 2 Λ03M ·

,

4 c I1 + 2 Λ03M Ν - -1 + Ν2
2

IΑ2 + 2 Λ03M ·

>

oscEqLin1 �. Μ ® Ν Μ0 �� FullSimplify �� PowerExpand �� FullSimplify

1

IΑ2 + 2 Λ03M ·

4 Ic + 2 c Λ03M dΕ@tD + c 1 + 2 Λ03
Α

2
+ 2 Λ03

Ν · dΕ
¢@tD + dΕ

¢¢@tD

BlockA9p0 = 1, c = 1, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

PlotA8Re@Κ �. ΚSolP1TD, Im@Κ �. ΚSolP1TD<, 8Μ, 0, 2 Μ0<,

PlotStyle ® 9Blue, Red=, GridLines ® 999Μ0, 9Red, Dashed===, None=EE

1 2 3 4 5 6

-6

-5

-4

-3

-2

-1

BlockA9p0 = 1, c = 1, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

PlotA8Re@Κ �. ΚSolP2TD, Im@Κ �. ΚSolP2TD<, 8Μ, 0, 2 Μ0<,

PlotStyle ® 9Blue, Red=, GridLines ® 999Μ0, 9Red, Dashed===, None=EE

1 2 3 4 5 6

-1.5

-1.0

-0.5

0.5

1.0

1.5
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BlockA8c = 1, Α = 0.1, · = 2<, PlotA8Re@Μ0D, Im@Μ0D<, 8Λ0, 0, 2<, PlotStyle ® 9Blue, Red=EE

0.5 1.0 1.5 2.0

2

4

6

8

D@Μ0, Λ0D �� FullSimplify

2 c IΛ03 + 8 Λ06 + Α2 I-1 + Λ03MM ·

3 Λ02 1 + 2 Λ03 Α2 + 2 Λ03

Solve@D@Μ0, Λ0D � 0, Λ0D �� FullSimplify

::Λ0 ® -
1

2
-

1

2

1�3

-1 - Α
2

- 1 + 34 Α
2

+ Α
4

1�3

>, :Λ0 ®

-1 - Α2 - 1 + 34 Α2 + Α4
1�3

2 ´ 21�3
>,

:Λ0 ® -1 - Α
2

- 1 + 34 Α
2

+ Α
4

1�3

RootA-1 + 16 ð13 &, 3E>,

:Λ0 ® -
1

2
-

1

2

1�3

-1 - Α
2

+ 1 + 34 Α
2

+ Α
4

1�3

>, :Λ0 ®

-1 - Α2 + 1 + 34 Α2 + Α4
1�3

2 ´ 21�3
>,

:Λ0 ® -1 - Α
2

+ 1 + 34 Α
2

+ Α
4

1�3

RootA-1 + 16 ð13 &, 3E>>

Λ0Μ0min = Λ0 �. %P5T

-1 - Α2 + 1 + 34 Α2 + Α4
1�3

2 ´ 21�3

% �. Α ® 0.9 �� N

0.607845

LimitAΛ0Μ0min, Α ® 0E

0

LimitAΛ0Μ0min, Α ® ¥E

1

AssumingAΑ > 0, 0 < Λ0Μ0min < 1 �� RefineE

True
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Μ0min = Μ0 �. Λ0 ® Λ0Μ0min �� FullSimplify

c 7 - Α
2

+ 1 + 34 Α
2

+ Α
4

-1 + 7 Α
2

+ 1 + 34 Α
2

+ Α
4

· �

3 ´ 22�3
-1 - Α

2
+ 1 + 34 Α

2
+ Α

4
1�3

BlockA8c = 1, Α = 0.1, · = 2<, PlotAΜ0, 8Λ0, 0, 1<, PlotStyle ® 8Blue<, PlotRange ® 90, Automatic=,

GridLines ® 999Λ0Μ0min, 9Red, Dashed===, 99Μ0min, 9Blue, Dashed====EE

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

BlockA9p0 = -1, c = 1, Μ = 0.1 Μ0, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.7

0.8

0.9

1.0

1.1
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BlockA9p0 = -1, c = 1, Μ = 0.8 Μ0, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.85

0.90

0.95

1.00

1.05

BlockA9p0 = -1, c = 1, Μ = Μ0, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.85

0.90

0.95

1.00

1.05

BlockA9p0 = -1, c = 1, Μ = 4 Μ0, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.85

0.90

0.95

1.00

1.05
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BlockA9p0 = -1, c = 1, Μ = 10 Μ0, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.85

0.90

0.95

1.00

1.05

BlockA9p0 = -1, c = 1, Μ = 100 Μ0, Λ0 = Λ0f@p0D, dΕ0 = 0.3 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.85

0.90

0.95

1.00

1.05

Small oscillations for an elastic material (Μ=0)
ΚSol �. Λ0 ® 1 �. Μ ® 0 �� Simplify

::Κ ®
2 3 c

-c I2 + Α2M ·

>, :Κ ® -
2 3 c

-c I2 + Α2M ·

>>

ΚSol �. Μ ® 0 �� Simplify

::Κ ®

2 c I1 + 2 Λ03M

-c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

>, :Κ ® -

2 c I1 + 2 Λ03M

-c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

>>

DSolveAoscEqLin1 � 0 �. Μ ® 0, dΕ, tE

::dΕ ® FunctionB8t<, ã

2 t -c-2 c Λ03

Α2
·+2 Λ03

· C@1D + ã

-
2 t -c-2 c Λ03

Α2
·+2 Λ03

· C@2DF>>

dΕ@tD �. %

:ã

2 t -c-2 c Λ03

Α2
·+2 Λ03

· C@1D + ã

-
2 t -c-2 c Λ03

Α2
·+2 Λ03

· C@2D>
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oscEqLin1 �. Μ ® Ν Μ0 �� Simplify �� PowerExpand �� Simplify

1

IΑ2 + 2 Λ03M ·

4 Ic + 2 c Λ03M dΕ@tD + c 1 + 2 Λ03
Α

2
+ 2 Λ03

Ν · dΕ
¢@tD + dΕ

¢¢@tD

ΚSol

::Κ ® -

3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>,

:Κ ®

-3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>>

ΚSol �. Μ ® Ν Μ0 �� Simplify �� PowerExpand �� Simplify

::Κ ® -

2 c 1 + 2 Λ03 Ν + -1 + Ν2

Α2 + 2 Λ03
·

>, :Κ ®

2 c 1 + 2 Λ03 -Ν + -1 + Ν2

Α2 + 2 Λ03
·

>>

ΚSol0 = ΚSol �. Μ ® 0 �� Simplify �� PowerExpand �� Simplify

::Κ ® -
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>, :Κ ®
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>>

Κ �. ΚSol0P2T �� Simplify

2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

oscEqLin1

4 c dΕ@tD + 8 c Λ03 dΕ@tD + 6 Λ0 Μ dΕ
¢@tD

Α2
· + 2 Λ03

·

+ dΕ
¢¢@tD

oscEqLin1

ãt I Κ

�. Μ ® 0 �. 9dΕ ® HExp@I Κ ðD &L= �� FullSimplify

-Κ
2

+
4 c + 8 c Λ03

Α2
· + 2 Λ03

·

AssumingAc > 0 && Λ0 > 0 && · > 0, Solve@% � 0, ΚD �� RefineE

::Κ ® -
2 c + 2 c Λ03

Α2
· + 2 Λ03

·

>, :Κ ®
2 c + 2 c Λ03

Α2
· + 2 Λ03

·

>>

ΚSol0

::Κ ® -
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>, :Κ ®
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>>

AssumingAc > 0 && Λ0 > 0 && · > 0, % �. Λ0 ® 1 �� FullSimplifyE

::Κ ® -
2 ä 3 c

c I2 + Α2M ·

>, :Κ ®
2 ä 3 c

c I2 + Α2M ·

>>

Μ0

2 c 1 + 2 Λ03 Α2 + 2 Λ03
·

3 Λ0
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ΚSol �. Μ ® 0 �� Simplify �� PowerExpand �� Simplify

::Κ ® -
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>, :Κ ®
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>>

PlotAI1 + 2 Λ03M, 8Λ0, -1, 1<E

-1.0 -0.5 0.5 1.0

-1

1

2

3

Stability and small oscillations
Clear@p0fD; p0f = Ip0f �. DSolveAviscoEqΒ0 �. p0 ® p0f@Λ0D, p0f, Λ0EP1TM

FunctionB8Λ0<,
2 c I-1 + Λ03M

Λ0
F

p0f'@1D

6 c

p0f@Λ0D

2 c I-1 + Λ03M

Λ0

p0f''@Λ0D

4 c I-1 + Λ03M

Λ03

p0f''@1D

0

Solve@Μ0 � 0, Λ0D

::Λ0 ® -
1

2

1�3

>, :Λ0 ® -
1

21�3
>, :Λ0 ® -

H-1L2�3

21�3
>,

:Λ0 ® -
1

2

1�3

Α
2�3>, :Λ0 ® -

Α2�3

21�3
>, :Λ0 ® -

H-1L2�3 Α2�3

21�3
>>
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BlockA9p0 = -1, c = 1, Μ = 0, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.80

0.85

0.90

BlockA9p0 = -1.2, c = 1, Μ = 0, Λ0 = Λ0f@p0D, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 10, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
PlotA9Λ0, Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® All, PlotStyle ® 99Black, Thin=, 8Blue<=EEE

2 4 6 8 10

0.75

0.80

0.85

BlockA9p0 = 0.2, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 6, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAPlotA8ΛN@tD<, 9t, 0, tlim=, PlotRange ® 80, 1.2<,

PlotStyle ® 99Red, Dashed, Thick==, GridLines ® 9None, 99Λ0, Red=, 9Λ0 + dΕ0, Green===E,

PlotA9Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® 80, 1.2<, PlotStyle ® 88Blue<<,

GridLines ® 9None, 99Λ0, Red=, 9Λ0 + dΕ0, Green===EEE

1 2 3 4 5 6

0.2

0.4

0.6

0.8

1.0

1.2
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BlockA9p0 = 0.6, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 6, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAPlotA8ΛN@tD<, 9t, 0, tlim=, PlotRange ® 80, 1.2<,

PlotStyle ® 99Red, Dashed, Thick==, GridLines ® 9None, 99Λ0, Red=, 9Λ0 + dΕ0, Green===E,

PlotA9Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® 80, 1.2<, PlotStyle ® 88Blue<<,

GridLines ® 9None, 99Λ0, Red=, 9Λ0 + dΕ0, Green===EEE

1 2 3 4 5 6
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0.6

0.8

1.0

1.2

BlockA9p0 = 0.6, c = 10, Μ = 0, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.2 Λ0, dΕNlin, tlim = 6, Α = 0.1, · = 1=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAPlotA9Λ0 + dΕNlin@tD=, 9t, 0, tlim=, PlotRange ® 80, 1.5<,

PlotStyle ® 88Blue<<, GridLines ® 9None, 99Λ0, Red=, 9Λ0 + dΕ0, Green===EEE
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0.4

0.6

0.8
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ΚSol �� FullSimplify

::Κ ® -

3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>,

:Κ ®

-3 Λ0 Μ + 9 Λ02 Μ2 - 4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

IΑ2 + 2 Λ03M ·

>>

Μ02

4 c I1 + 2 Λ03M IΑ2 + 2 Λ03M ·

9 Λ02
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ΚSol �. Μ ® Ν Μ0 �� FullSimplify �� PowerExpand �� FullSimplify

::Κ ® -

2 c 1 + 2 Λ03 Ν + -1 + Ν2

Α2 + 2 Λ03
·

>, :Κ ®

2 c 1 + 2 Λ03 -Ν + -1 + Ν2

Α2 + 2 Λ03
·

>>

% �. Ν ® 0

::Κ ® -
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>, :Κ ®
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>>

ΚSol0 �� FullSimplify �� PowerExpand

::Κ ® -
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>, :Κ ®
2 ä c 1 + 2 Λ03

Α2 + 2 Λ03
·

>>

BlockB:p0 = 10, c = 10, Μ = 0.01, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = tper,

tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>, ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEF
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BlockB:p0 = 0.5, c = 10, Μ = 0.01, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = tper,

tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>, ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEF
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BlockB:p0 = 0.5, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 3 tper,

tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>, ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEF
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BlockB:p0 = 1, c = 1, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 3 tper,

tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>, ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEF
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BlockA9p0 = 1, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 30, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEE
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BlockA9p0 = 5, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 30, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEE
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BlockA9p0 = -0.6, c = 1, Μ = 0.2, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 30, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEE
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BlockA9p0 = 10, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.1 Λ0, dΕNlin, tlim = 2, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=EEE
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BlockA9p0 = 0.4, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, Red=, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1,

PlotRange ® All, PlotStyle ® 88Blue<<, GridLines ® 998Λ0, Green<, 9Λ0 + dΕ0, Red==, None=EEE
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BlockA9p0 = 0.8, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2, Α = 0.1, · = 2=,

ΛN = Λ �. NDSolveAoscEq, Λ, 9t, 0, tlim=EP1T;

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA8ΛN@tD, ΛN'@tD<, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 99Red, Dashed==, GridLines ® 999Λ0, 9Red==, 9Λ0 + dΕ0, Green==, None=E,

ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 88Blue<<, GridLines ® 999Λ0, 9Red==, 9Λ0 + dΕ0, Green==, None=EEE
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BlockA9p0 = 0.8, c = 10, Μ = 0.1, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 88Blue<<, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEE
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BlockA9p0 = 0.8, c = 10, Μ = 0, Λ0 = Λ0f@p0D, ΛN, dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2, Α = 0.1, · = 2=,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T; ShowA
ParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=, AspectRatio ® 1, PlotRange ® All,

PlotStyle ® 88Blue<<, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEE
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phpl0 = BlockB:p0 = 10, c = 10, Μ = -0.1 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@1, 0.8, 0D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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phpl1 = BlockB:p0 = 10, c = 10, Μ = 0.1 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@1, 0.4, 0D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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phpl2 = BlockB:p0 = 10, c = 10, Μ = 0.2 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@1, 0, 1D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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phpl3 = BlockB:p0 = 10, c = 10, Μ = 0.3 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@1, 0, 0D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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phpl4 = BlockB:p0 = 10, c = 10, Μ = 0.4 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@0, 0.2, 0.5D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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phpl5 = BlockB:p0 = 10, c = 10, Μ = 0.5 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@0, 1, 1D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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phpl6 = BlockB:p0 = 10, c = 10, Μ = 0.999 Μ0, Λ0 = Λ0f@p0D, ΛN,

dΕ0 = 0.05 Λ0, dΕNlin, tlim = 2 tper, tper = MaxB
2 Π

Im@ΚD
�. ΚSolF, Α = 0.1, · = 2>,

dΕNlin = dΕ �. NDSolveAoscEqLin, dΕ, 9t, 0, tlim=EP1T;

ShowAParametricPlotA9Λ0 + dΕNlin@tD, dΕNlin'@tD=, 9t, 0, tlim=,

AspectRatio ® 1, PlotRange ® All, PlotStyle ® 88CMYKColor@0.6, 0.4, 0.8D<<,

PlotRange ® All, GridLines ® 999Λ0, 9Red, Dashed==, 9Λ0 + dΕ0, Green==, None=EEF
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Show@phpl6, phpl5, PlotRange ® AllD
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